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ABSTRACT: We study the transport properties of relativistic fluids induced by quantum
anomalies in presence of explicit symmetry breaking. To this end we consider a holographic
FEinstein-Maxwell model in 5 dimensions with pure gauge and a mixed gauge-gravitational
Chern-Simons terms, coupled with a scalar field. To study the chiral vortical effects and the
energy transport sector, apart from the chiral magnetic effects, we have considered the full
backreaction of the gauge field on the metric. We have studied the anomalous effects by using
Kubo formulae involving correlators of the charged currents and the energy current. Our
findings reveal that, in the presence of explicit symmetry breaking, anomaly-induced transport
phenomena can extend beyond anomalous currents and affect non-anomalous sectors as well.
In particular, we find that all the conductivities display a distinct sensitivity to the mass
parameter controlling the symmetry breaking, thus reflecting the interplay between anomaly
coefficients and explicit symmetry breaking terms. These findings highlight the role played
by pure gauge and mixed gauge-gravitational anomalies in holographic transport, and their
importance for strongly coupled systems with broken symmetries.
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1 Introduction

In recent times, the relationship between conformal field theories (CFT) and gravity theories
on specific backgrounds has been extensively explored. The most prominent and thoroughly
studied example of this correspondence is the one between N = 4 supersymmetric Yang-Mills
(SYM) theory in the large N limit and type IIB string theory in the AdSs; x S° space [1, 2].
When the field theory is at strong coupling, the string theory simplifies to classical supergravity,
making it possible to compute all correlation functions in the field theory.

Anomaly induced transport phenomena are extremely active areas of research that arise
in the context of relativistic field theories of chiral fermions, going beyond the scope of
perturbation theory [3, 4]. These anomalies have been instrumental in shaping the modern



understanding of relativistic hydrodynamics [5]. Quantum anomalies, such as the chiral
anomaly, give rise to novel transport phenomena such as the chiral magnetic (CME) and
the chiral vortical (CVE) effect that arise at finite temperature and chemical potential. The
CME is observed in systems with chiral imbalance, and it is responsible for the generation of
an electric current induced by an applied magnetic field and parallel to it [6], while the CVE
is the generation of an electric current induced by a vortex in the medium and parallel to the
vorticity vector. These are examples of anomaly induced transport phenomena, meaning that
quantum corrections to classical symmetries are the ultimate responsible of them, and they
represent fascinating phenomena arising in certain quantum systems. Moreover, an important
property of these phenomena is that the anomaly induced currents are non-dissipative, i.e.
they don’t contribute to entropy production [7].

The anomaly-induced effects have practical implications in high-energy physics and in
condensed matter systems. In high energy physics the search for signatures of anomaly
induced transport in heavy ion collisions is an on-going endeavor and has culminated in the
iso-bar program at RHIC and the LHC [8, 9]. These collisions could lead to event-by-event
parity violation, which is a significant departure from the expected symmetry properties
of the system. The CVE can also be important in heavy ion collisions especially due to
the proven presence of large vorticity [10]. In condensed matter physics the CME is at the
origin of the observed large enhancement of the longitudinal conductivity of Weyl and Dirac
semi-metals subject to a magnetic field [11, 12]. Similar anomalous chiral transport effects
have been studied also in chiral superfluids with vorticity [13, 14].

In recent years, these anomalous effects have been explored using holographic methods,
providing significant insights [15-19]. One such study is [20], where a holographic model
with a pure Chern-Simons term was considered. This work examined the role of the axial
anomaly in the hydrodynamics of relativistic fluids in the presence of an external electric
field. In this study, the anomalous conductivities were computed using Kubo formulae. A
particularly interesting result from this research is the identification of a novel phenomenon
where anomalies can induce transport effects not only in anomalous currents but also in
non-anomalous ones, i.e., those with a vanishing divergence, when symmetries are explicitly
broken. This phenomenon was studied at strong coupling in a holographic Einstein-Maxwell
model in five dimensions, supplemented with a pure gauge Chern-Simons term. Symmetry
breaking was introduced through a scalar field dual to an operator O with dimO = 3.
Our goal in the present work is to extend the study for other anomalous coeflicients, like
the chiral vortical conductivity. In addition, we will study the role played by the mixed
gauge-gravitational anomaly in the generation of the non-anomalous currents. In order to
achieve these goals, one should consider the following ingredients: i) make the computation
including the full backreaction of the gauge fields onto the metric tensor, and i) add a mixed
gauge-gravitational Chern-Simons terms in the action of the model. More specifically we
will consider a model with three symmetries, two of them can be identified with the usual
vector and axial U(1) symmetries of Dirac fermions. Of these only the axial symmetry is
anomalous. In addition we consider a non-anomalous symmetry,! and a symmetry breaking

'To be precise we note that also the vector symmetry is non-anomalous. The vector gauge field does
however appear in the Chern-Simons term and this means that it has a covariant but not a consistent anomaly.



scalar field that is simultaneously charged under the axial and the non-anomalous symmetry.
The boundary value M of the scalar field is the symmetry breaking parameter.

The structure of this manuscript is organized as follows. We summarize in section 2 the
main results discussed in the literature about the constitutive relations related to anomalous
transport, and motivate the introduction of a non-anomalous symmetry. In section 3 we
present the holographic model under consideration, the ansatz used for the solutions of the
different fields, and derive the fully backreacted numerical solution for the background. The
model comprises of different background parameters such as p,, pq and p,,, which correspond
to chemical potentials for the vector, axial and non-anomalous symmetry respectively. In
addition to this, there are two more background parameters: the black hole temperature T,
and M which is the symmetry breaking parameter. We fix the position of the horizon in
the numerical calculation. Subsequently, in section 4, we consider the perturbations on both
the metric and the gauge fields on top of the background computed in section 3.2. Next, in
section 5 we present the Kubo formulae associated with these conductivities. In section 6 we
present our results: first, in subsection 6.1 we start by furnishing the method used to solve
numerically the equations of motion of the fluctuations, followed by subsection 6.2 where we
present the comparison between our numerics and the analytic results at M = 0 to confirm
the reliability of the numerical method used. In subsection 6.3, we will present the results
of the u,-dependence of the conductivities that induce the non-anomalous current fw, for
different values of M/(wT'). Furthermore, we present in subsection 6.4 the results of the
conductivities vs. M /(7T in two different cases: i) fixed non-vanishing chemical potentials,
and 77) vanishing chemical potentials, i.e. (py, = pg = py = 0). We summarize our findings
and provide an outlook for future directions in section 7. Finally, appendix A contains the
equations of motion for the background and for the fluctuations, appendix B collects the
numerical results for all the conductivities as a function of the chemical potentials, and
appendix C presents the analytical results for the conductivities in the large M limit.

2 Constitutive relations and (non)anomalous transport

We will summarize in this section the transport effects that will be studied in the rest of
the manuscript. Let us consider a theory of N chiral fermions transforming under a global
symmetry group G generated by matrices (T)f g- The chemical potential for the fermion
U/ is given by uf = 3, ¢/ s, while the Cartan generator is Hy = ¢f 6/ g Where qf are the
charges. The general form of the anomalous induced currents by a magnetic field is

J, =0k By, (2.1)

where By is the magnetic field corresponding to symmetry b. The 1-loop computation of the
chiral magnetic conductivity by using the Kubo formalism leads to [21-23]

¢ 1
0% = daber—s S (T Ty, TR = (T {Th, T} 1], (22)

where dg,. is the group theoretic factor related to the axial anomaly, which typically appears

dabc =

in the computation of the anomalous triangle diagram corresponding to three non-abelian

In contrast the gauge field corresponding to the additional symmetry does not appear in the Chern-Simons
terms. For brevity we will refer to it as non-anomalous.



gauge fields coupled to a chiral fermion. The subscripts R, L stand for the contributions of
right-handed and left-handed fermions. Anomalies are responsible for a non-vanishing value
of the divergence of the current, that reads in this case [24]

Dy = eher dae o

39752 MV p)\ (23)

Let us particularize eq. (2.1) to the symmetry group Uy (1) x Ua(1). Then there are vector
(v) and axial (a) currents induced by the magnetic field of the vector field, i.e.

Ha 7 7 Ho 5

Ty
which correspond to the CME and the chiral separation effect (CSE), respectively. At

this point, the following question arises: is it possible to get a chiral magnetic effect for a
non-anomalous symmetry w? This means to have an induced current in symmetry w, i.e.

Juw#0  with  dyas = dawp = dapw =0 Va,b. (2.5)
In the rest of the manuscript we will study the possibility that anomalies can induce transport
also in non-anomalous currents through magnetic fields and the vorticity vector.

3 Holographic action

In this work, we consider a holographic model that includes both a pure gauge and mixed
gauge-gravitational Chern-Simons terms in the action, which mimics the axial anomaly and
gravitational contribution to the axial anomaly respectively. The action reads [20, 25]

1
5 T 2 T2
§= 167rG /d xr{RJr 24 FV 4FA i
K
4 MNPQR Y <3(FA)NP(FA)QR + k(Fv)np(Fy)or + AR pnpRP AQR)
+Scn + Scsk 3:1)

where A = 6/¢2 is the cosmological constant with ¢ the radius of AdS. The stress tensors
are defined as (Fs)yn = Oy Sy — OnSy for S = V, AW, with V and A denoting the
anomalous vector and axial gauge fields, and W representing an extra non-anomalous gauge
field. The remaining parameters are given by x and A, which denotes the Chern-Simons
couplings associated with the anomalous sectors. The Levi-Civita symbol is defined by
e(rtzyz) = +1 whereas the Levi-Civita tensor is defined by eMNFP@R — ¢(MNPQR)/\/—g.
The boundary terms are given by

1
Scn = —— / d4$\/ﬁK, (3.2)

1
SCSK _R d4I\fK)\nM€MNPQRANKpLDQK}Lz s (33)

and they correspond, respectively, to the Gibbons-Hawking term required to have a well-
defined variational problem, and a term induced by the mixed gauge-gravitational anomaly.



The values of the couplings x and A are given in terms of the anomalous coefficients of
the field theory as [17]

1 L 1 1 A__4i7
167G~ 1672’ 167G~ 384w2°

(3.4)

The inclusion of both Chern-Simons terms makes this holographic framework sufficiently
rich to study anomaly-induced transport. Since only the axial gauge potential A appears
in the Chern-Simons term only the axial symmetry is anomalous. The metric g and the
vector gauge field V' appear however with their corresponding field strength and Riemann
tensor. In contrast the gauge field W does not appear at all in the Chern-Simons term. In the
subsequent subsections, we will extend our model further by introducing explicit symmetry
breaking terms, enabling us to investigate how anomalies affect non-anomalous sectors rather

than just anomalous sectors of the theory.

3.1 Holographic model with symmetry breaking

A key objective of this work is to examine the possibility that the constitutive relation
for (JE) receives anomalous contributions despite the symmetry being non-anomalous. To
explore this possibility, we extend our model of eq. (3.1) by introducing explicit symmetry
breaking via a scalar field, S, [20], so that

Stot == S + 8¢ 5 (35)

where, S is the bulk action comprising the usual Maxwell kinetic terms and both pure and
mixed Chern-Simons contributions, while the additional scalar contribution is

1
So= 15eg | Pov=a( = IDaoP —mie?) . Do = [ou ~ i(Ay - Wil 6. (30

Here ¢ is a scalar field with a tachyonic bulk mass m? = A(A —4)/¢? and 0 < A < 4.
S, produces an explicit breaking of a and w symmetries via the scalar field ¢. From the
AdS/CFT dictionary, the model is the holographic dual of a Conformal Field Theory (CFT)

with a deformation
L=LYT 4+ MO, (3.7)

where O is an operator dual of the scalar field with dim O = A, and M is the source of the
operator with dim M = 4 — A. The near boundary expansion of ¢ reads

r

O(r) = da—n <2)A_4+¢A (E)_A—i—--- , T =00, (3.8)

where ¢4_a is interpreted as the source M, and ¢ as the condensate (O). In the following
we will choose A = 3, so that the bulk mass is m? = —3/¢2.



3.2 Numerical solution for the background

In order to account for the chiral vortical effects within our model, we will consider the
full backreaction of the gauge field onto the metric tensor, and include a mixed gauge-
gravitational Chern-Simons term in the action. The equation of motion for the background
fields, obtained from

0S
@ = 0) Y e {gMvaMvAM7WM7¢}a (39)

for the action (3.1) together with (3.6), can be solved by considering the following ansatz
for the metric

2 dr? 2

ds? = —ﬁf( Ydt2 + xS T (daz +dy? + d=?) (3.10)
£2 r2 f(r) ) ’ '
and the background gauge fields
V =Vi(r)dt, A = Ay(r)dt, W = Wy(r)dt. (3.11)

The chemical potentials are computed as ps = Si(r — 00) — S¢(rp) with S =V, A, W. With
these changes, the fields have the following near boundary expansion

lim - ¢(r) =M, Tll}rgo Vi(r) = py Tli_}rgo A(r) = g, Tli_glo Wi(r) = py (3.12)

r—00

where we have assumed in these expressions that the gauge fields must vanish on the horizon:
Si(rp) =0 (S=V,A,W). It is convenient to define the following new fields Ay = A+ W,
so that the covariant derivative writes Das¢ = [Oar — i(A—)ar] ¢. Consequently, the chemical
potentials take the form pi = pg £ piw-

The equations of motion of the background for the fields V., Ay, A_, ¢ and x are shown
in appendix A.1, cf. egs. (A.1)—(A.6). These constitute a system of six coupled differentials
equations that can be solved numerically with appropriate boundary conditions given by (3.12)
together with regularity near the horizon. First we will consider the change of variable u = :—’25,
where 7, is the position of the horizon. In the w variable the horizon is at up, = 1. In the
massless case (M = 0), the gauge fields and the blackening factor turn out to be

Si(u) = ps (1 —u) , (S =V, A W), (3.13)
2?M 2
flu) =1——u?+ Z Q : (3.14)
Th ry
where . ) )
_ T;h Es S _ /U'srh, _
M - 62 + T}QL ) QS - \/g 9 (S - Ua (l,UJ) 9 (315)

are the mass and charges of the black hole, respectively. Then, the Hawking temperature
is given by

_ " [y _ ﬁ 2., .2, 2
27r€2 |f(u |“:1 R (1 6r? (’u“ T Ha —i—,u,w) : (3.16)
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Figure 1. Plot showing the dependence of the background with w. Color code: blue — f(u), Orange
— Ay (u), and Green — Vi(u) (left panel); blue — eX(®)| Orange — ¢(u)/+/u, and Green — A;_(u)
(right panel). We have set p, = 0.1, gt = 0.3, pyy = 0.2 and M = 0.6.

The dependence of T' on p,, is a consequence of the fact that the non-anomalous field W
affects the background even in the absence of symmetry breaking, as it is obvious from
the action of the model, eq. (3.1). However, this does not necessarily imply the existence
of transport for the current Ty

In the massive case (M > 0), we must resort to numerical methods to solve the coupled
differential equations: we have used the shooting method, shooting from the horizon up =1
towards the boundary u = 0. We plot in figure 1 the numerical solutions of all the background
fields as a function of u. In the rest of the manuscript we will set £ = 1 unless otherwise stated.

4 Fluctuations

We will now consider perturbations of fields, where the background is set by the numerical
solution as shown in figure 1. To study the effect of anomalies, we split the metric and gauge
fields into background and a linear perturbation part, i.e.

gun =99y N + ehun, S, =S, +es,, (4.1)

where S, refers to the background solutions computed in section 3.2 for any of the fields V,
Ay (or equivalently V', A and W), and s, are the corresponding fluctuations v,a+ = a £ w
(or equivalently v, a and w). Then, we will follow the general procedure of Fourier mode
decomposition [26]

h vy — d47p h —iwt+ip-T 4.9

MmN (u, ") @) mN(u)e ; (4.2)
v d*p —iwtHiPE

SM(U, xr ) = / W S,u(u) e t+ip . (43)

Without the loss of generality, we restrict our analysis to perturbations characterized by
frequency w and momentum p directed along the z-axis. Since we are interested in computing
correlators at zero frequency, we can set to zero the frequency-dependent parts in the equations
and solve the system up to first order in p = |p]. To compute the retarded correlators and hence
the conductivities, we need to solve the equations of motion for the fluctuations of the metric
and gauge fields. The explicit expressions of these equations is provided in appendix A.2.



5 Constitutive relations and Kubo formulae

The transport coefficients for the chiral vortical and magnetic effects, oy and op, have
been studied in a wide variety of methods which includes Kubo formulae [5, 23, 26], fluid
gravity correspondence [15, 16, 27, 28], diagrammatic methods [29] and the partition function
formalism [30-33]. In this work we use Kubo formalism to study the chiral vortical effect of
anomalous conductivities. We will study the possibility that, under certain circumstances,
this effect might be present in non-anomalous currents as well.

In the following we will use the notation Ji € {J¢, Ji Ji, Ji}, where we include the
vector and axial currents, the current related to the w symmetry, and the energy current
(Jg =T Oi), respectively. The constitutive relations for the charged and energy currents write

Jy = 08 B, + 0B By + 0B, B, +0) Q, (5.1)
Jo =08 B,+08 B, +08 B, +5/Q, (5.2)
Jw = 08 By + 08 By+ 08, By,+0o.Q, (5.3)
J. =08 B, + 08 B,+ 08 B, +5) Q. (5.4)

We have denoted by af(; the chiral magnetic conductivity which induces the current J, as a
response of the magnetic field gb associated to symmetry b € {v,a,w}. By the same way, o¥
denotes the chiral vortical conductivity which induces the current J, as a response of the
vorticity vector Q. Tt is understood that s € {v,a,w,e} in these expressions, so that these
correspond either to conductivities for the charged currents (o5 and ¢} with s € {v,a,w})
or for the energy current (¢Z and o).

The Kubo formula for the chiral magnetic conductivity for the dual field theory of
the holographic model involves the retarded correlators of two currents, as it was derived
in [21]. By using the compact notation introduced above, the Kubo formulae for the chiral
magnetic conductivities write

B; - plkullo 2pk ZG'LJ’C Js Jb>|w 0> (8 = {'U, a7w7€} ’ be {v,a,w}) . (55>

The Kubo formula for the chlral vortical conductivity involves the energy-momentum ten-
sor [26]. In the present case, the Kubo formulae write

of = A Zﬁwk JedD)lw=0, (s €{v,a,w,e}) . (5.6)

After taking the hermitian conjugate of the correlators, and using the hermiticity of the
currents, one has that <J§(p)Jg/(—p)> = <J§/ (p)JZ(—p)) in the zero frequency limit. Then
it can be deduced the following relations between the chiral magnetic and chiral vortical
conductivities

B =0of,  (be{v,auw}). (5.7)
Similar relations between the chiral magnetic conductivities can be deduced by the same
argument, and they write

B =ol, (a,b€{v,a,w}). (5.8)

In an obvious unified notation for the chiral magnetic and chiral vortical conductivities, o4y,
the properties of egs. (5.7) and (5.8) imply that this matrix is symmetric.



6 Results for the conductivities

Before presenting the numerical results for the conductivities, it is worth providing the
numerical method we opted to solve the system of equations for the fluctuations.

6.1 Numerical method

To solve the coupled differential equations for the fluctuations we have used the pseudo-
spectral method [34, 35]. To get the solutions we expand the fluctuations as a sum of
Chebyshev polynomials in u direction given by

N—-1 N—-1 N—-1
(ax)i = > (aD)iTm(u—1), vi=> v/"Tp(2u—1), hy= Y hifTn(2u—1), (6.1)
m=0 m=0 m=0

where (al');, v/* and h]} are the coefficients of the polynomials in (6.1) with (i = z,y). These
polynomials are inserted into the equation of motion for the fluctuations, and the collocation
points for u = 0 to u = 1 are chosen in Gauss-Lobatto grid. By choosing the appropriate
number of grid points corresponding to the number of coefficients one can solve the set of
algebraic equations in terms of these coefficients to get the solution for the fluctuations.

In the following subsections we will present our results. Note that we are working at zero
frequency and in the limit of zero momentum: w = 0 and p — 0.

6.2 Results of the conductivities for M = 0

The case M = 0 has been studied in the literature. The analytical results in this case are
(see ref. [25] and references therein)

5 1 Ha (s=v)
USU<0) = ﬁ Mo s (S = a’) ’ (62)
HoHa s (5 = 5)
1 Ho (S = ’U)
o (0) = o2 | Hao (s=a), (6.3)
2
uv;ﬁua + ?T2 , (S — 5)
1 Holla 5 (S = ’U)
2 2 2
0/ (0) = o5 | “pte + 512, (s=a) - (6.4)
B (Buy +pg +m2T%) . (s=¢)

In addition, all the conductivities related to the w symmetry are vanishing when M = 0.
As a first step, before considering the massive case we have reproduced the results in the
massless case. We present in figures 2, 3 and 4 some plots showing the comparison between
the analytic results of egs. (6.2)—(6.4) and the numerical results for M = 0. It is clear that
the numerics turns out to be consistent with the analytical formulas.

6.3 Results of the conductivities vs. chemical potentials at finite M

We present in this subsection the results for the conductivities as a function of the chemical
potentials, for several values of M/(nT). Here we will present only the p,-dependence of the
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and o) as a function of to p,/(7T). We have

conductivities that induce the non-anomalous current J,, i.e. the conductivities appearing in

Ty = oB B, + o, B, + B By, + o Q. (6.5)
We focus momentarily in this subsection on these conductivities because they allow us to
provide an explicit answer to the question posed at the end of section 2. The complete list
of results for these and other conductivities is given in appendix B.

We display in figure 5 the results of the conductivities in eq. (6.5) as a function of u, /(7T)
in the range 0 < M/(nT) < 2. These results have been obtained by using the numerical
method of section 6.1. For comparison, we display also the results obtained in the large M
limit by using the analytical formulas that will be derived in section 6.4.3 and appendix C.
We observe that the conductivity o exhibits a linear growth with p,/(7T), with a slope

B and o8B

0a 0w Temain

that increases as M increases. On the other hand, the conductivities o,
constant with respect to p,/(7T), though their magnitudes shift upward with increasing M.
Finally, we find for o) a quadratic dependence on pu,/(7T), with an increasing curvature as
M increases. Notice that all the conductivities show in general a pronounced dependence

with the mass parameter M.

6.4 Results of the conductivities vs. M for fixed chemical potentials

In this subsection we will show the results for the behaviour of the conductivities as a
function of M/(nT) in two different cases: ¢) fixed non-vanishing chemical potentials, and
i1) vanishing chemical potentials.
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Figure 6. Plots of the chiral magnetic conductivities ¢ with s € {a,w} (left panel) and o2 along
with oY (right panel), as a function of M/(7T). We have set p,/(7T) = 0.1, p,/(7T) = 0.3 and

to/(T) = 0.2.
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Figure 7. Plots of the chiral magnetic conductivities 02 (left panel) and o2, (right panel), where
s € {v,a,w}, as a function of M/(nT). See figure 6 for further details.

6.4.1 Fixed non-vanishing chemical potentials

We will present below the results corresponding to fixing the chemical potentials as , /(7T) =
0.1, pe/(7T) = 0.3 and g,/ (7T) = 0.2. We have computed the conductivities involving
vector, axial, non-anomalous and energy currents as a function of the dimensionless mass
parameter M/(wT). We show the plots of the conductivities normalized by their M — 0
values when these are finite. In cases where the conductivities vanish in this limit, we
normalized them by using some related non-vanishing conductivities from the same sector.
The results are given in figures 6, 7 and 8. We can see in these figures that the conductivities
inducing the axial current J, are monotonically suppressed, while the conductivities inducing
the non-anomalous current .J,, become enhanced when M/(7T) increases. This indicates a
redistribution of the magnetic response from the axial to the non-anomalous sector, while the

vector sector is less affected. In addition, all the chiral magnetic conductivities that control
B

B .
o and o,,,) increase

the response to a magnetic field in the non-anomalous sector (¢5,, 0B |

with M /(nT). The chiral vortical conductivities exhibit a complementary structure: the

vector part (o)) is less affected by the change in M/(nT), the axial part (o)) is suppressed,
14

and the non-anomalous sector (o,

) is amplified.
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Figure 8. Plot of the chiral vortical conductivities o, where s € {v,a,w}, as a function of M/(7T).
See figure 6 for further details.
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Figure 9. Plot of the conductivities 0/ = 02 and 0¥ = 05, as a function of M/(7T). We have set

po/(7T) = pa/(xT) = po /(xT) = 0.

6.4.2 Zero chemical potentials

For completeness and clarity, we also present in figure 9 the results of the non-vanishing
conductivities for zero chemical potentials (p, = g = fty = 0) as a function of M/(xT'). We

display ¢/ and o), while the other two conductivities, 2 and o2

=, are obtained by using

the relations discussed in section 5, cf. eq. (5.7). Other conductivities not shown in figure 9
are vanishing for zero chemical potentials.

6.4.3 Results in the large M limit

In the results presented above, we observe the following properties for both zero and finite
chemical potentials

agﬂ(O) = 055(0) =0= 01‘5(0) , (s € {v,a,w,e)), (6.6)

i.e. all the conductivities related to the w symmetry are vanishing in the massless case
(M = 0), which is the expected behavior in the absence of symmetry breaking. The values of
the non-vanishing conductivities in the massless cases are given by egs. (6.2)—(6.4).

It would be relevant to study the behavior of the conductivities in the large M limit
(M — o0). In order to derive analytical expressions for them, we will use the relation between
the conductivities in the (A, W) and (A4, A_) basis. Let us consider for the moment the
chiral magnetic conductivities as response of the vector magnetic field év, which write

. )
oo = Jim - (Jed) = of, £ ol (6.7)
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where we have used that Jy = J4 £+ Jy. For simplicity, we have omitted in eq. (6.7) the
summation over Lorentz indices. Inverting this expression, one finds

1 1
oB = 3 (va + UE,) , oB = 3 (afv — Ui) . (6.8)
While both symmetries Ay and A_ have CS interactions, the scalar field breaks only the A_
symmetry. At M = 0 there will be chiral conductivities for both AL, but for large M, A_ will
be badly broken, and the chiral magnetic effect in the J_ current goes to zero.? This implies
the vanishing of o2, in the limit M — oo, so that one has from eq. (6.8) the following relation

7B (00) = o8,(00) = 5oR(x0). (©9)

A similar analysis can be performed for the rest of the conductivities, and this leads to
the following results

Tan(00) = 033y (00) = 50E,(c0)

i (00) = 04 (00) = 502, (00)

0B (00) = 08, (0) %Uﬁ(oo) , (6.10)
U(ﬁz(oo) = O-gw(oo = Ufw(oo) = Uga(oo) = iUer(OO) I

0y (00) = oy (00) = 50 (00),

where for completeness we have included also the relation in eq. (6.9). In order to evaluate
the asymptotic values of eq. (6.10), let us write the CS terms in the action in the (A4, A-)
basis. It is given by

1 K K
S :—/CP V= {A_/\F ANFy 4+ —=A  ANFANF
Cs e z 96 A A+6+ A A
+gA_/\FV/\FV+gA+/\Fv/\FV

A A
+5A-ARAR+ DAL ARAR], (6.11)

where
1

1
4FA+/\FA++§FA_/\FA+. (6.12)

1
FA/\FA:ZFA_/\FA—‘i‘

Since A_ is badly broken in the limit M — oo, one ends up in this limit with the CS
contributions

1 K o A\
= Tora | TV79 | gp A NFay AFay + SALNFY ATy + 5A . (6.1
Scs 167rG/ xm[24 + AN AL N A++2 + N Fy A V+2 +ANRAR|. (6.13)

From a comparison with eq. (3.1), one deduces that the conductivities in the limit M — oo
can be obtained by making the replacement p, — p14+/2 in the massless case, egs. (6.2)—(6.4).

2See ref. [36] for a similar effect.
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This leads to

; ) &, s=wv
050(0) = 55§ Ko s=-+, (6.14)
2 Mvéur R
1 Ho §=v
ol (00) = o2 5 s=+, (6.15)
T w4t/ | om2y2 s—¢
2 6+ =
Mo+ sS=v
%4 1 u22+,u27/4 2
o, (00) = 3.2 ARe Ay < O s=+ - (6.16)
5 GBui+ i /A+ 7T, s=e

In particular, by using egs. (6.2), (6.9) and (6.14) one finds that

(00) = 0%, (00) = 5o b, (00) = 1% = 2B (0). (6.17)

The expressions for the other conductivities in eq. (6.10) can be read off from egs. (6.14)—(6.16).
The results for all the conductivities in the large M limit and in the basis (V, A, W) are
collected in appendix C. Notice that the values of the conductivities in this limit are not
directly related in general to their values in the massless case due to their dependence on
Ut = g + M, except for the case presented in eq. (6.17). In addition, it turns out that in
general all the conductivities have different values at M = 0 and at M — oo, thus implying
that all of them have a dependence on the symmetry breaking parameter M. However,

there is a single particular non-trivial situation in which some of the conductivities have the

B B

B 0B oV and o) for g, = p1,.> We have checked that if

same values in both limits, i.e. o
la = I, this is not just an asymptotic property but in fact these four conductivities turn
out to be independent of the mass parameter M.

We see in figures 6, 7, 8 and 9 that the tendency of the numerical results is to confirm
the relations of eq. (6.10). A more robust check demands computing the conductivities for
higher values of M/(7wT'). However, this problem turns out to be difficult when considering
the full backreaction of the metric due to the great increase of the numerical error for larger
values of M. A way of overcoming this difficulty is to work in the probe limit, as we expect
that the computation with no backreaction leads to a good approximation in the limit
M/(mT) > 1 for conductivities whose results just depend on the chemical potentials and
not on the temperature, a property that is confirmed by the numerics: this is the case of
conductivities related to charged transport induced by magnetic fields, but not those related
to the vortical effect or the energy transport sector which demand a computation with full
backreaction of the metric. We display in figures 10 and 11 the numerical results in the probe
limit for the conductivities in the charged sector in the range 0 < M/(#nT) < 15, together
with the corresponding analytical results in the large M limit (cf. appendix C). Note that
the agreement between numerics and analytical formulas is excellent for M /(7T) 2 10.

3The trivial situation in which this happens corresponds to T = 0 and/or us = 0 (s € {v,a,w}).
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Figure 10. Plots of the chiral magnetic conductivities o2, (left panel) and o2 (right panel), where
s € {v,a,w}, as a function of M/(#xT) in the probe limit. The dashed horizontal lines correspond to
the analytic results given by egs. (C.1) and (C.2). We have set p,/(7T) = 0.1, puo/(7T) = 0.3 and
p/(7T) = 0.2.
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Figure 11. Plot of the chiral magnetic conductivities o2

7 Discussion and outlook

In this work, we have studied the effect of explicit symmetry breaking in anomaly-induced
transport by using a holographic framework that includes both pure gauge and mixed gauge-
gravitational Chern-Simons terms. Our findings show that when symmetry is explicitly
broken, anomalies can have a considerable impact not only on the anomalous currents but
also affect the non-anomalous sectors as well.

Firstly, we have performed a study in the massless case (M = 0) which corresponds to the
symmetric phase. Our numerical results reproduce in this case the known analytic formulas,
thus confirming the reliability of our approach. Next, we have studied the problem at finite
M, and observed that all the conductivities have a dependence on the symmetry breaking
parameter, M, and on the chemical potentials (i, pia, fw). We have characterized these
dependencies both numerically at finite M, and analytically in the asymptotic limit M — oo.
Our results also reveal that even at vanishing chemical potentials, certain transport coefficients
(cV, a0V B o8B ) are non-vanishing at finite temperature, implying that symmetry breaking
alone is sufficient to induce non-trivial anomalous responses. These findings highlight the role
of the mixed gauge-gravitational anomaly in shaping holographic transport properties and
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suggest that anomaly-induced contributions to non-anomalous currents could have observable
consequences in strongly coupled systems where symmetries are not exact.

In summary, our results reveal how symmetry breaking terms interact explicitly with
anomaly contributions to modify the response to anomalous transport. One of the most
interesting results of this work is that once the symmetry is broken by the scalar field ¢, even
the non-anomalous current .J,, shows response akin to the chiral vortical and chiral magnetic
effect. It would be interesting to study the analogous phenomenon in a weak coupling field
theoretical setup. One might also think of possible application in condensed matter physics.
Weyl semi-metals typically come with a multiple of Weyl nodes (valleys) in the Brillouin
zone [37, 38]. One can speculate that they feature not only axial symmetries by also some
non-anomalous accidental valley symmetries and corresponding valley currents. It would be
fascinating to see a similar non-anomalous CME in such valley currents in certain phases
in which parts of valley symmetries are broken.
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A Equations of motion

We present in this appendix the explicit expressions of the equations of motion for both the
background and the fluctuations, for the metric and for the gauge fields. We are assuming
that the momentum p’is directed along the z-axis, i.e. p'= p2.

A.1 Equations of motion of the background

The equations of motion of the background are given by

0=y Xy (A1)
- t 2 t .
0= ar —Xa (A.2)
- M+ 2 t+ .
X eX 9
0=A - 5142— - W¢ A, (A.3)
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0= /,_(i+>;/—/>¢/+uex<3f+UA?_)¢’ (A4)

f 4u?
3x eX
0=¢2+ T P* A7, (A.5)
0= f’—f(4+ux’)+ex(4+¢2)—u2(2V’2+A’2 +433) (A.6)

where the primes stand for derivatives with respect to u. These equations follow from: 7) the
Maxwell’s equations of the gauge fields, egs. (A.1)—(A.3); ) the Klein-Gordon equation
of the scalar field, eq. (A.4); and i) the Einstein’s equations, eqs. (A.5)—(A.6). In this
appendix we are using the notation A, = (A1)

A.2 Equations of motion of the fluctuations

The equations of motion of the fluctuations are given by

ex/2
0=v (]; é) jfhm,—ip'%Qf [(A:t—+A2+)Uy+vt/((a—)y+(a+)y)]’ (A7)
ex/2
0=v (]; é)er 7 hy’+zpﬂ2f [(A—+ AL )oe + V] ((a-)a +(a+))] (A-8)
_ / ﬂi& aY eX¢? t—
0= @i+ (5% ) et - S+ (A9

=i [ (A1 + A1) (@) + () 4V 0g) =X (1w '+ 2u") Y]

/ / X H2 A/
f X)(a);_e(ﬁ t—

0~ @)+ (73 ap vty

+z? { eX/2 (A + A7) ((am)z +(ay)z) +4Vvy) — 4 e X/2 (1—ux') f +2uf") hf'} ,

! ! A/
0= (st (=5 ) tarkr oy (A1)

=% [ (AL + A1) (@ )y + ()y) + 4V 0g) =0 ™2 (1) £+ 27" ]
/ ! A, ,
— (ay)! +<§ §>(“02 Fvﬁ (A.12)
”? (R (A4 AL) ((a )t (ay)e) +4V/va) =A™ (L= ux) '+ 2uf") B']

hY (A.10)

2 /
0= "= EOD v,
XA, &?
5 (Al (a- )+ A (as))) + emjf‘%_n —2ipAue /T, (A.13)
(2+ux’)
0 = h%” — Th?t}/ +U‘/Z’U;

eX Ay ¢2

u
D) (AQ—(G—);+A2+(G+);) + 2uf

(a_)y+2ip)\ue_X/2Fx, (A.14)
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where the terms I'; (j = x,y) write
;= 2u(Aj_ + ApR!" + 2 [(1 = ux') (A + Ajy) + u(AL + AL)] b’
— [ =wx)f" + 2uf"] ((a-); + (a1)))
+@ = ux® +ux")f =30 —w) " = 2ufP | ((a); + (ay);).  (A15)

In these expressions we have set w = 0, and have neglected non-anomalous terms of O(p?)

and anomalous terms of O(p?).

B Conductivities at finite M

We present in this appendix all the numerical results for the conductivities appearing in
egs. (5.1)—(5.4) as a function of p, /(7T'), pa/(7T) and pu,/(7T), for several values of M /(7T).
When presenting the results, we will classify them in four categories corresponding to the
conductivities controlling the response to: i) By, i1) B,, 117) B, and i) ﬁ; in this order.
Unless otherwise stated, we will use as fixed values of the chemical potentials the following ones:
po/(mT) = 0.1, pe/(7T) = 0.3 and g,/ (7T") = 0.2; and we will consider three different cases:
Case 1: changing pu,/(7T), Case 2: changing p,/(7T), and Case 3: changing p,,/(7T).
We will show the results obtained by using the numerical method of section 6.1 in the range
0 < M/(nT) < 2. For comparison, we will also display the results obtained in the large M
limit by using the analytical formulas that will be derived in section 6.4.3 and appendix C.

B.1 Conductivities controlling the response to B,

We begin with the case where the source term of B, is switched on while the remaining
sources are set to zero. This leads to 12 plots: four conductivities (63,08 0B  oB) with
variation of three different chemical potentials (fiy, g, ftw). We present below the results
distributed according to the three different cases mentioned above.

e Case 1: the results are displayed in figure 12. We can see that o2 0B and of grow

linearly with s, /(7T). With the increase M the slopes of 02 and o2 decrease, while
the slope of o2 increases. The conductivity ¢ turns out to be independent of i, /(7T)
independently of the value of M, exactly as in the absence of symmetry breaking, cf.
eq. (6.2) [25].

B

e Case 2: the results are displayed in figure 13. We can see that the conductivities o,

and ¢ grow linearly with p,/(7T). The slope of o2 is almost unaffected by M in the
range 0 < M/(nT) < 2, although a noticeable change appears for larger values of M

(this can be inferred from the left panel of figure 10). The remaining conductivities,
B

wv?r

0B and ¢B, turn out to be independent of y,/(7T) independently of the value of M,

as it was the case for M = 0.

e Case 3: the results are displayed in figure 14. We can see that 05) grows linearly

with g, /(7T), while 02 and 02, remain constant and independent of p.,,/(7T). o2 is
almost independent of 1, /(77T") in the range 0 < M /(7T < 2, although a non-vanishing
slope appears for larger values of M, a behaviour that mirrors the trends observed in

Case 2.
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Case 2: plots of the conductivities o,
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Figure 14. Case 3: plots of the conductivities o
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B where s € {v,a,w,¢}, as a function of u,,/(7T).

We have set p,,/(7T) = 0.1 and p,/(7T) = 0.3.

B.2 Conductivities controlling the response to B,

Similar to the previous case, the source term of B, is now switched on and the remaining

sources are set to zero.

e Case 1: the results are displayed in figure 15. We observe that o2 increases linearly

with p,/(7T), showing a decreasing slope as M increases. On the other hand, the
conductivities 02, and o2, remain independent of p,/(7T), but their overall values
decrease and increase, respectively, with increasing M. In contrast, o2 displays a

quadratic dependence on p, /(7T), with a smaller curvature for higher values of M.

Case 2: the results are displayed in figure 16. 02 remains constant and independent

B

of pg/(mT), but its overall value decreases with increasing M. The conductivities oy,

and 0B exhibit a linear growth with p,/(7T), with slopes that decrease and increase,

respectively, as M increases in the range 0 < M/(nT) < 2. This trend continues in
B

the case of o2 for higher values of M, but it becomes reverted in the case of o2,

as this conductivity exhibits a smaller slope for very large values of M. On this
respect, let us comment that the intersection of the curves of o2 for M/(zT) = 2
and M /(nT) — oo, happening at u,/(7T) ~ 0.3, can be seen also in figure 11, i.e. the
conductivity o2, = 0B displayed as a function of M/(7T) and for fixed values of the
chemical potentials, has the same values at M/(7nT) = 2 and in the limit M — oo.
Finally, o2 displays a quadratic dependence on i, /(7T), with a smaller curvature for
higher values of M.
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We have set p,/(7T) = 0.3 and p,,/(7T) = 0.2.
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We have set p,/(7T) = 0.1 and p,,/(7T) = 0.2.
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Figure 17. Case 3: plots of the conductivities o, where s € {v,a,w,e}, as a function of p,,/(7T).

We have set p,/(7T) = 0.1 and p,/(7T) = 0.3.

e Case 3: the results are displayed in figure 17. We observe that the conductivity

B

+, Temains constant with respect to p,,/(7T"), while its overall value decreases as

o
M increases. The conductivities 02 and ¢, show a linear behavior with p,,/(7T),
but their slopes turn out to be noticeable only for very large values of M. The
intersection observed in o2, (bottom-left panel of figure 17) in the cases M/(7T) = 2
and M/(nT) — oo is also observed in figure 11, and the comment mentioned in Case
2 applies also in this case. The corresponding intersection in af; (top-right panel of
figure 17) is not observed in figure 11, as it happens at p,,/(77T) ~ 0.7 while the curves
of figure 11 are made for ju,,/(7T) = 0.2, which is a much smaller value. Finally, o2
shows a quadratic dependence on p,,/(7T"), with a higher curvature for higher values

of M.

B.3 Conductivities controlling the response to B,

Similar to the previous cases, the source term of B,, is now switched on and the remaining
sources are set to zero.

e Case 1: the results are displayed in figure 18. The conductivity o2, exhibits a linear

growth with p,/(7T'), with a slope that increases as M increases. The conductivities

B B
and o

aw ww?

their magnitudes shift upward with increasing M. Finally, we find for 02 a quadratic

o on the other hand, remain constant with respect to pu,/(7T'), though

dependence on pu,/(7T), with an increasing curvature as M increases.
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Figure 18. Case 1: plots of the conductivities 02, where S € {v,a,w, e}, as a function of to p,/(7T).

We have set po/(7T) = 0.3 and p,,/(7T) = 0.2.

e Case 2: the results are displayed in figure 19. It can be seen that o2, remains constant

B

-, and

with pe/(7wT), but its value increases steadily with M. The conductivities o

0B grow linearly with p,/(7T), with their slopes enhanced as M increases, except for

B
aw

Finally, 02, shows a quadratic dependence on j,/(7T), with an increasing curvature

the case o, and very large values of M, as it was discussed in Case 2 of section B.2.

as M increases, similar to Case 1.

e Case 3: the results are displayed in figure 20. The conductivity o2, remains independent
B B
and o

aw ww? on

of py/(wT), but it value increases steadily with M. The conductivities o
the other hand, grow linearly with p,,/(7T"), with their slopes enhanced as M increases.
The intersection observed for o2 in the top-right panel of figure 20 has the same
discussion as in Case 3 of section B.2. Finally, Ugﬂ has a linear + quadratic dependence
on (i, /(7T') with higher curvature for higher values of M. For very large values of M,

this dependence is of the form o, oc (1q + 11w)?, as it can be seen in eq. (C.3).

B.4 Conductivities controlling the response to o

Similar to the previous cases, the source term of the vorticity vector €2 is now switched on
and the remaining sources are set to zero.

e Case 1: the results are displayed in figure 21. The conductivity o/ increases linearly
with p,/(7T), and its slope decreases with M. The conductivities o/ and o), exhibit
a quadratic dependence on p,/(7T'), with their curvatures decreasing and increasing
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Figure 19. Case 2: plots of the conductivities 052, where s € {v,a,w, e}, as a function of to ua/(7T).
We have set u,, /(7T) = 0.1 and p,,/(7T) = 0.2.
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Figure 20. Case 3: plots of the conductivities o
We have set u,, /(7T) = 0.1 and p,/(7T) = 0.3.

where s € {v,a,w, e}, as a function of p,, /(7T).
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Figure 21. Case 1: plots of the conductivities oY, where s € {v,a,w, e}, as a function of u,/(7T).
We have set po/(7T) = 0.3 and p,,/(7T) = 0.2.

Vv

. shows also a quadratic dependence with

respectively as M increases. Finally, o

ty/ (7T, with slightly smaller curvature for higher values of M.

Case 2: the results are displayed in figure 22. The conductivity o} shows also a linear
dependence with p,/(7T), with a slope that decreases with M. The conductivities o
and o), have a quadratic dependence on p,/(7T), with their curvature decreasing and
increasing, respectively, as M increases. Finally, o) follows a linear (at small o/ (7T))
and cubic (at large values of p,/(7T')) dependence on p,/(7T'). For very large values of

M, this dependence is of the form o) <t X 12 (o + 1) and U¥|M s X (fa + piw)?,

|
as it can be seen in eq. (C.4). g
Case 3: the results are displayed in figure 23. The conductivity o) shows a linear
dependence with p,,/(7T), with a slope that increases as M increases. The conductivities
oY and ¢ exhibit a linear 4+ quadratic dependence on p,,/(7T), with a curvature that
increases as M increases in both cases. Finally, oY shows a linear (at small ju,,/(77T))
and cubic (at large values of p,,/(7nT")) dependence on u,,/(7T), a behavior that is
confirmed by eq. (C.4) in the large M limit.
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Figure 22. Case 2: plots of the conductivities oY, where s € {v,a,w, e}, as a function of u,/(7T).
We have set p,/(7T) = 0.1 and p,,/(7T) = 0.2.
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Figure 23. Case 3: plots of the conductivities o), where s € {v,a,w,¢c}, as a function of p,,/(7T).
We have set ,/(7T) = 0.1 and p,/(7T) = 0.3.
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C Conductivities in the large M limit

We present in this appendix the explicit expressions of the conductivities in the large M
limit and in the basis (V, A, W). These can be easily inferred from egs. (6.10), (6.14)—(6.16).
The results are

Ha + Pw » (3 — ’U)
7al09) = g2 Z Eii% : (C.1)
Nv(,ua + Nw) , (3 — 5)
1 (s=")
— i 7(Na+ﬂw)v (SZCL)
7(00) = g(ua + pw) 5 2 (s=w)’ (C.2)
3 (13 + (o + p)?/4) + 5T, (s=¢)
1 (s=")
— i 7(.“(1"‘#11;)’ (Sza)
O‘st(oo) T 42 ;(/La + Mw) ) , (8 — w) ) (03)
5 (12 + (o + p)?/4) + 5 T2, (s=¢)
pulrta = Juw). (s =)
Viso) = b )3 (1 (o pr)?/4) + T2, (s = a)
7 ()= Am? ; (12 + (o + pw)?/4) + %T27 (5= w) (C.4)
St + 10) (343 + (pa + p)2/4+ 7212, (s=¢)

These results can be compared with the results of the conductivities in the massless case,
cf. egs. (6.2)—(6.4).
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