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The extension of the Standard Model Higgs doublet with three nonzero hypercharge 
triplets is examineled in this article. The triplets are charged under additional U (1)Lμ−Lτ

symmetry. We investigate the stability of the electroweak vacuum at both the tree level and 

the two-loop level. It is observed that the vacuum stability can be satisfied up to the Planck 

scale using two-loop β-functions. In contrast, due to the increase in the positive effect from 

triplet degrees of freedom, the perturbative unitarity can be satisfied only up to 1012 GeV. 
The parameter space allowed from the Planck scale stability is checked for the strongly 
electroweak first-order phase transition. The model satisfies the strongly first-order phase 
transition for the triplet bare mass parameters up to the TeV scale due to the sufficient 
contribution to the cubic term from the triplet degrees of freedom. It is observed that this 
model foresees a strongly first-order phase transition for all mass ranges until the degrees of 
freedom become heavy enough to decouple from the thermal bath. The benchmark points 
satisfying the strongly first-order phase transition are tested for gravitational-wave signa- 
tures. The benchmark points that are allowed from the Planck scale stability, strongly first- 
order phase transition also comes out to lie in the detectable frequency range of the LISA 

and BBO experiments. 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Subject Index B40, B73, E74 

 

 

 

 

 

 

 

1. Introduction 

The Standard Model (SM) of particle physics appeared to be a complete theory after the Higgs
boson was discovered in 2012 by the CMS [ 1 ] and ATLAS [ 2 ] experiments at the Large Hadron
Collider (LHC). The Standard Model has been shown to have flaws by a number of pieces of 
theoretical and experimental evidence, despite being the most effective theory to date. Among
this evidence are the stability of the electroweak vacuum up to the Planck scale, the nonzero
neutrino mass, electroweak baryogenesis, and so on. The Standard Model was extended with
either the gauge group or extra degrees of freedom charged under the same gauge group as a
result of this evidence. Real or complex singlet, doublet, or triplet representations of SU (2) are
the lowest scalar extensions that are feasible. 
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It is still unclear how the Standard Model can account for the tiny nonzero neutrino mass,
flavor mixing patterns, fermion mass spectra, and CP violation [ 3 ]. To account for the tiny
neutrino masses and large lepton flavor mixing, the findings of neutrino oscillation necessitate
an extension of the Standard Model. Under these circumstances, an additional gauge symme-
try like U (1)Lμ−Lτ

, which plays a critical role in understanding the longstanding muon (g − 2)
anomaly [ 4–6 ], can also provide an interesting mixing pattern among the different neutrino fla-
vors. The neutrino mass and mixing pattern in the triplet extended SM has already been studied
in detail in Refs. [ 7 , 8 ]. The Type-(I + II) seesaw model extension to the Standard Model with an
extra singlet has also been extensively discussed with U (1)Lμ−Lτ

gauge symmetry in the context
of the muon (g − 2) anomaly, tiny neutrino mass, and lepton flavor mixing [ 9 ]. Moreover, it is
well known that the current neutrino oscillation data permit only two independent elements
of the neutrino mass matrix to be zero, commonly known as the two-zero texture [ 10 , 11 ]. The
most important feature of the two-zero texture is that in this case the neutrino mass matrix
depends only on fiv e real parameters, and therefore has very good predictability for the other
unknown parameters like the Dirac CP phase, mass hierarchy etc. In our previous work [ 12 ],
we have demonstrated that the two-zero pattern can be obtained naturally in the Type-II seesaw
model with U (1)Lμ−Lτ

gauge symmetry when there are at least three scalar triplets with different
Lμ − Lτ charges. There are many benefits of these additional scalar triplets. Firstly, they can
help us to resolve the vacuum instability problem of the Higgs potential. The Higgs vacuum
stability in the context of the Type-II seesaw has been studied in Refs. [ 13–15 ]. Therefore, it is
fascinating to explore the neutrino mass matrix with two-zero texture together with vacuum
stability and perturbative unitarity of the Higgs potential. 
Finally, as initially proposed by Sakharov [ 16 ], simultaneous occurrence of the baryon num-

ber, C, and CP violation and out-of-equilibrium processes is required to explain the baryon
asymmetry, i.e. the excess of matter over antimatter in the Universe. A highly first-order elec-
troweak phase transition is one feasible way to provide these conditions for electroweak baryo-
genesis. For a Higgs boson mass greater than 80 GeV [ 17–19 ], the electroweak phase transition
(EWPT) from the symmetric phase at high temperature to the broken phase is not strongly
first order in the case of SM, but rather a smooth crossover [ 20 ], which is not consistent at all
with the measured Higgs boson mass of 125.5 GeV [ 21 ]. According to Ref. [ 22 ], the departure
from thermal equilibrium is also insufficient. Even if the electroweak phase transition satisfies
the out-of-equilibrium conditions, the C, CP, and baryon number violation provided by the
electroweak interactions via sphalerons is insufficient to explain the observed asymmetry [ 23 ].
This provides another justification for expanding the SM to include more scalar degrees of 
freedom in the SU (2) representation, at the very least a singlet [ 24 , 25 ], doublet [ 26 ], or triplet
[ 25 ]. A detailed discussion of strongly first-order phase transitions (FOPT) in the Type-II see-
saw has already been provided [ 27–29 ]. According to Refs. [ 22 , 30–38 ], the additional degrees
of freedom of the scalar triplet contribute to the cubic term and effectively explain the baryon
asymmetry of the Universe through electroweak baryogenesis. It has been discussed in Ref. [ 27 ]
that the strongly electroweak phase transition can be satisfied in the mass range up to 550 GeV
in the minimal Type-II seesaw scenario with one additional scalar triplet. The increased num-
ber of scalar degrees of freedom contribute more to the cubic term and hence make the phase
transition dynamics stronger. Hence, it is interesting to check the effect on the phase transition
dynamics from additional scalar degrees of freedom coming from three triplets. The stochastic
background of the gravitational waves (GW) results from the electroweak phase transition from
2/37
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the symmetric phase to the broken phase via bubble nucleation. A new avenue for investigating
physics beyond supersymmetric symmetry has recently been made possible by the observation
of GW using LIGO and VIRGO [ 39–42 ]. A thorough discussion of this may be found in Refs.
[ 43–45 ] and references therein. Therefore, it is intriguing to look into the physics beyond super-
symmetry in order to examine the detectable frequency ranges of the present and upcoming
GW observatories, including BBO [ 46 , 47 ], LIGO, and LISA [ 48 ]. Therefore, we examine three
Type-II triplets to investigate GW signals, the strongly first-order electroweak phase transition,
and the stability of the Higgs vacuum. 
The article is organized as follows. Under U (1)Lμ−Lτ

gauge symmetry, the scalar potential for
the three Type-II triplets is addressed in Section 2 . In Section 3 , the perturbative unitarity up
to the Planck scale, two-loop stability, and tree-level stability criteria are covered in detail. In
Section 3 , the one-loop β- functions for the quartic couplings are provided; the specific two-
loop equations for the running of quartic couplings are given in Appendix A . Section 4 discusses
the corresponding GW signatures and tests the allowable benchmark points from the vacuum
stability and perturbativity for the electroweak phase transition. 

2. Model setup 

The Type-II seesaw consists of a scalar triplet with nonzero hypercharge in addition to the SM
SU (2) Higgs doublet. This is an interesting scenario, providing the nonzero neutrino mass via
the induced triplet vacuum expectation value (vev). The positive m2 

� quantity in the bare mass
term for the Higgs triplet m2 

�Tr[�
† �] does not induce a vev for the triplet through electroweak

symmetry breaking. In contrast, the triplet vev is induced by an interaction term, i.e. μHT �H 

as v� ∝ μv2 h /m
2 
�. The value of the triplet vev is constrained from the electroweak precision ex-

periment, i.e. mainly from the ρ parameter as v� ≤ 3 . 0 GeV, and μ is considered to be smaller
in comparison to the electroweak scale to achieve such a small value of v�. An additional gauge
symmetry U (1)Lμ−Lτ

and its spontaneous symmetry breaking are crucial in not only explaining
the muon (g − 2) but also in generating neutrino masses and lepton flavor mixing. This symme-
try would forbid the interaction term μHT �H at the tree level, which is crucial in inducing the
triplet vev. Hence, the Higgs triplet vev can be generated by adding new particles to the theory
either at the tree-level or the loop-level effects. The gauge-invariant Yukawa Lagrangian for the
Type-II seesaw with U (1)Lμ−Lτ

is written as: 

L = −yα
l lαL αR 

H − 1 
2 
y�(leL �i σ2 lC τL + lτL �i σ2 lC eL ) + h . c . (1) 

If the U (1)Lμ−Lτ
charge for the triplet field is nonzero, the mixing pattern will not improve

in the Type-II seesaw Majorona neutrino mass matrix. Hence, in order to achieve fewer than
three independent zero entries in the Majorona neutrino mass mixing matrix, the minimal re-
quirement is to consider three scalar triplets [ 12 ]. 
The full relevant gauge-invariant scalar potential with three additional SU (2) triplets to the

SU (2) Higgs doublet with U (1)Lμ−Lτ
symmetry is written as follows: 

V = m2 
�1 
(�† 

1 �1 ) + λ�1 (�
† 
1 �1 )2 + m2 

�1 T r (�
† 
1 �1 ) + m2 

�2 T r (�
† 
2 �2 ) + m2 

�3 T r (�
† 
3 �3 ) + λ�1 (T r (�

† 
1 �1 ))2 

+ λ�2 T r (�
† 
1 �1 )2 + λ�3 (T r (�

† 
2 �2 ))2 + λ�4 T r (�

† 
2 �2 )2 + λ�5 (T r (�

† 
3 �3 ))2 + λ�6 T r (�

† 
3 �3 )2 

+ λ�1 �1 (�
† 
1 �1 ) T r (�

† 
1 �1 ) + λ�1 �2 �

† 
1 �1 �

† 
1 �1 + λ�1 �3 (�

† 
1 �1 ) T r (�

† 
2 �2 ) + λ�1 �4 �

† 
1 �2 �

† 
2 �1 (2) 

+ λ�1 �5 (�
† 
1 �1 ) T r (�

† 
3 �3 ) + λ�1 �6 �

† 
1 �3 �

† 
3 �1 + λ�12 (T r (�

† 
1 �2 ))2 + λ�21 T r (�

† 
1 �2 )2 + λ�13 (T r (�

† 
1 �3 ))2 

+ λ�31 T r (�
† 
1 �3 )2 + λ�23 (T r (�

† 
2 �3 ))2 + λ�32 T r (�

† 
2 �3 )2 , 
3/37



PTEP 2026, 023B06 S. C. Park et al.

 

 

 

 

 

 

 

 

 

 

where the field definitions for the Higgs doublet and the three triplets are given as follows: 

�1 =
(

G+ 
1 √ 

2 
(vφ + ρ1 + iG0 ) 

)
, �1 = 1 √ 

2 

(
δ+ 
1 

√ 

2 δ++ 
1 

(v�1 + δ0 1 + iη0 
1 ) −δ+ 

1 

)
, 

�2 = 1 √ 

2 

(
δ+ 
2 

√ 

2 δ++ 
2 

(v�2 + δ0 2 + iη0 
2 ) −δ+ 

2 

)
, �3 = 1 √ 

2 

(
δ+ 
3 

√ 

2 δ++ 
3 

(v�3 + δ0 3 + iη0 
3 ) −δ+ 

3 

)
. 

The μ term is possible only with the triplet having zero U (1)Lμ−Lτ
charge. Assigning differ-

ent U (1)Lμ−Lτ
charges to the scalar triplets would eliminate several quartic operators from the

renormalizable scalar potential due to gauge invariance. This reduction of interaction terms 
would in turn weaken the renormalization group running and relax the resulting theoretical
constraints. In order to capture the maximal impact of the extended scalar sector on the running
behavior and the associated bounds, we therefore adopt the choice that all three triplet scalars
carry identical nonzero U (1)Lμ−Lτ

charges. With this assignment, the scalar potential contains 
the full set of allowed renormalizable interactions, providing a conservative and comprehen- 
sive framework for our analysis. After writing the scalar potential, we compute the theoretical
bounds on the parameter space of the model from the vacuum stability and the perturbative
unitarity in the next section. 

3. Stability conditions 
The scalar potential discussed in the previous section should be bounded from below in all pos-
sible directions, and hence the tree-level stability conditions for the SM Higgs doublet extended
with three nonzero hypercharge triplets imposed with U (1)Lμ−Lτ

symmetry are given as follows:

λ�1 > 0 , k1 = λ�1 + λ�2 > 0 , k2 = λ�3 + λ�4 > 0 , k3 = λ�5 + λ�6 > 0 ;

λ�1 + 1 
2 
λ�2 > 0 , a 1 =

√ 

λ�1 (λ�1 + λ�2 ) + λ�1 �1 > 0 , a 2 =
√ 

λ�1 (λ�1 + λ�2 ) + λ�1 �1 + λ�1 �2 > 0 , 

λ�3 + 1 
2 
λ�4 > 0 , a 3 =

√ 

λ�1 (λ�3 + λ�4 ) + λ�1 �3 > 0 , a 4 =
√ 

λ�1 (λ�3 + λ�4 ) + λ�1 �3 + λ�1 �4 > 0 , 

λ�5 + 1 
2 
λ�6 > 0 , a 5 =

√ 

λ�1 (λ�5 + λ�6 ) + λ�1 �5 > 0 , a 6 =
√ 

λ�1 (λ�5 + λ�6 ) + λ�1 �5 + λ�1 �6 > 0 ;

b1 =
√ 

(λ�1 + λ�2 )(λ�3 + λ�4 ) + λ�12 > 0 , b 2 =
√ 

(λ�1 + λ�2 )(λ�3 + λ�4 ) + λ�12 + λ�21 > 0 , 

b3 =
√ 

(λ�1 + λ�2 )(λ�5 + λ�6 ) + λ�13 > 0 , b 4 =
√ 

(λ�1 + λ�2 )(λ�5 + λ�6 ) + λ�13 + λ�31 > 0 , 

b5 =
√ 

(λ�3 + λ�4 )(λ�5 + λ�6 ) + λ�23 > 0 , b 6 =
√ 

(λ�3 + λ�4 )(λ�5 + λ�6 ) + λ�23 + λ�32 > 0 ;

[ 
λ�2 

√ 

λ�1 ≤ | λ�1 �2 |
√ 

λ�1 + λ�2 > 0 , or 2 λ�1 �1 + λ�1 �2 +
√ 

(2 λ�1 λ�2 − λ2 
�1 �2 )

(
2
λ�1 

λ�2 

)
> 0

] 
, 

[ 
λ�4 

√ 

λ�1 ≤ | λ�1 �4 |
√ 

λ�3 + λ�4 > 0 , or 2 λ�1 �3 + λ�1 �4 +
√ 

(2 λ�1 λ�4 − λ2 
�1 �4 )

(
2
λ�3 

λ�4 

)
> 0

] 
, 

[ 
λ�6 

√ 

λ�1 ≤ | λ�1 �6 |
√ 

λ�5 + λ�6 > 0 , or 2 λ�1 �5 + λ�1 �6 +
√ 

(2 λ�1 λ�6 − λ2 
�1 �6 )

(
2
λ�5 

λ�6 

)
> 0

] 
;

4/37



PTEP 2026, 023B06 S. C. Park et al.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

[ 
λ�4 

√ 

λ�1 + λ�2 ≤ | λ�21 |
√ 

λ�3 + λ�4 > 0 , or 2 λ�12 + λ�21 +
√ 

(2(λ�1 + λ�2 ) λ�4 − λ2 
�21 )

(
2
λ�3 

λ�4 

)
> 0

] 
, 

[ 
λ�6 

√ 

λ�1 + λ�2 ≤ | λ�31 |
√ 

λ�5 + λ�6 > 0 , or 2 λ�13 + λ�31 +
√ 

(2(λ�1 + λ�2 ) λ�6 − λ2 
�31 )

(
2
λ�5 

λ�6 

)
> 0

] 
, 

[ 
λ�6 

√ 

λ�3 + λ�4 ≤ | λ�32 |
√ 

λ�5 + λ�6 > 0 , or 2 λ�23 + λ�32 +
√ 

(2(λ�3 + λ�4 ) λ�6 − λ2 
�31 )

(
2
λ�5 

λ�6 

)
> 0

] 
;

and [ √ 

λ�1 (λ�12 + λ�13 + λ�23 ) +
√ 

k1 (λ�1 �3 + λ�1 �5 + λ�23 ) +
√ 

k2 (λ�1 �1 + λ�1 �5 + λ�13 ) 

+
√ 

k3 (λ�1 �1 + λ�1 �3 + λ�12 ) +
[ √ 

λ�1 (k1)(k2)(k3) +
√ 

(a 1)(a 3)(a 5)(b1)(b3)(b5) 
] 

> 0
] 
, [ √ 

λ�1 (λ�12 + λ�21 + λ�13 + λ�31 + λ�23 + λ�32 ) +
√ 

k1 (λ�1 �3 + λ�1 �4 + λ�1 �5 + λ�1 �6 + λ�23 + λ�32 ) 

+
√ 

k2 (λ�1 �1 + λ�1 �2 + λ�1 �5 + λ�1 �6 + λ�13 + λ�31 ) +
√ 

k3 (λ�1 �1 + λ�1 �2 + λ�1 �3 + λ�1 �4 + λ�12 + λ�21 ) 

+
[ √ 

λ�1 (k1)(k2)(k3) +
√ 

(a 2)(a 4)(a 6)(b2)(b4)(b6) 
] 

> 0
] 
. 

The allowed parameter space for the interaction couplings of the triplets with the Higgs from
the tree-level stability conditions is shown in Figs. 1 (a), (c) and (e). The value of the Higgs quar-
tic coupling λ�1 is fixed at 0.13 and the values of the other quartic couplings are varied from
–1.0 to 1.0 for plotting Fig. 1 . The allowed parameter space mostly lies in the positive quad-
rant of the [−1 . 0 , 1 . 0 , −1 . 0 , 1 . 0 ] plane for all the interaction couplings. The bounded-from-
below (BFB) conditions derived from the scalar potential in Eq. ( 2 ) consist of several coupled
and formally nonlinear inequalities involving the quartic couplings λ�1 , λ�i , λ�i j , and λ�1 �i ;
their practical impact on the parameter scan is considerably simpler. In the parameter ranges
relevant to Fig. 1 , the most restrictive stability requirements typically involve mixed quartic
couplings constrained by relations of the form λ�i j � −√ 

λ�i λ� j , λ�1 �i � −√ 

λ�1 λ�i . Since the
Higgs quartic coupling λ�1 is fixed by the measured Higgs mass and the diagonal triplet self-
couplings λ�i are restricted to positive and relatively narrow intervals by perturbativity and
renormalization group equation (RGE) evolution, the square-root terms vary only weakly over
the scan. Consequently, these conditions translate into approximately linear lower bounds on
the mixed quartic couplings. This leads to the common features observed in all subfigures of 
Fig. 1 , namely a similar lower bound on the horizontal axis and an almost linear behavior of 
the minimum allowed values on the vertical axis. Such a pattern is therefore not accidental,
but reflects the dominance of a small number of leading stability constraints once theoretical
consistency conditions are imposed. The same reasoning applies to other quartic couplings ap-
pearing in the scalar potential. In each 2D projection, only a subset of the full BFB conditions
plays a significant role across most of the allowed parameter space, while the remaining in-
equalities become subleading. As a result, the allowed regions appear simple and nearly linear
despite the complicated structure of the complete set of stability conditions. Now, to check the
stability of the electroweak vacuum from the electroweak scale to the Planck scale, the running
of the quartic couplings is computed. The RGEs at the one-loop level are given in Section 3.1 .
After discussing the tree-level stability conditions, it is also important to study the validity of 

the electroweak vacuum stability at higher energy scales. The relevance of higher-order renor-
malization group effects has been widely discussed in the literature, particularly in studies of 
the near-criticality of the Higgs potential (see Ref. [ 49 ]). These works show that, while one-
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Fig. 1. Parameter space satisfying the tree-level stability conditions given in Section 3 in panels (a), (c), 
and (e), and the same stability conditions using running couplings with two-loop β-functions in pan- 
els (b), (d), and (f). 

 

 

 

 

 

loop beta-functions capture the leading logarithmic behavior and are sufficient to understand 

the qualitative trends of the running couplings, they are generally insufficient for quantitatively
reliable conclusions when the theory approaches vacuum instability or perturbativity limits. In 

our model, the relevant quartic couplings may evolve close to critical values over a broad range
of energy scales. In this regime, even small numerical differences between one-loop and two-
loop running can accumulate and lead to noticeable shifts in the scale at which vacuum stability
is lost or a Landau pole appears. This behavior is well known from near-criticality analyses of 
the Standard Model, where higher-order effects play an essential role in determining the in-
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1 �2 
stability scale. We have verified that the one-loop running reproduces the overall qualitative
behavior observed at the two-loop level. However, the precise location of the stability bound-
aries and the cutoff scale exhibits a nonnegligible sensitivity to higher-order corrections. For
this reason, while a one-loop analysis is sufficient to illustrate the general features of the RG
evolution, the inclusion of two-loop beta-functions is necessary for a quantitatively robust as-
sessment of vacuum stability and perturbativity in the present study. Hence, the running of the
quartic couplings is taken into account up to the Planck scale and the allowed parameter space
is examined below. 

3.1. Two-loop stability 
This section includes one-loop β-functions for the dimensionless quartic couplings. Detailed
expressions for the two-loop β-functions are given in Appendix A . The two-loop β-functions
are computed using the SARAH package [ 50 ]. In the present analysis, the renormalization group
evolution is performed assuming a single effective theory, and threshold corrections associated
with integrating out the heavy scalar states are not included. This choice was made for simplic-
ity and to allow a transparent comparison between tree-level, one-loop, and two-loop running
effects within a unified framework. We agree that, when the invariant masses of the additional
scalar fields are of the order of O(1) TeV, threshold effects can quantitatively modify the run-
ning of the couplings above the mass scale of the new states and may shift the precise position
of the Landau pole. However, such effects typically introduce order-one numerical changes
rather than altering the qualitative behavior of the running. In particular, the emergence of 
a Landau pole at an intermediate scale, which limits the validity of the model as an effective
theory, remains a robust feature: 

βλ�1 
= 

1 
16 π2 

[ 

+ 27 
200 

g4 1 +
9 
20 
g2 1 g

2 
2 +

9 
8 
g4 2 −

9 
5 
g2 1 λ�1 − 9 g2 2 λ�1 + 24 λ2 

�1 
+ 3 λ2 

�1 �1 + 3 λ�1 �1 λ�1 �2 + 5 
4 
λ2 

�1 �2 

+3 λ2 
�1 �3 + 3 λ�1 �3 λ�1 �4 + 5 

4 
λ2 

�1 �4 + 3 λ2 
�1 �5 + 3 λ�1 �5 λ�1 �6 + 5 

4 
λ2 

�1 �6 + 12 λ�1 Tr 
(
Yd Y

† 
d 

)
+4 λ�1 Tr 

(
Ye Y † 

e 

)
+ 12 λ�1 Tr 

(
Yu Y † 

u 

)
− 6Tr 

(
Yd Y

† 
d Yd Y

† 
d 

)
− 2Tr 

(
Ye Y † 

e Ye Y
† 
e 

)
− 6Tr 

(
Yu Y † 

u Yu Y
† 
u 

)] 

, 

βλ�1 �2 = 

1 
16 π2 

[ 

+ 36 
5 
g2 1 g

2 
2 −

9 
2 
g2 1 λ�1 �2 − 33 

2 
g2 2 λ�1 �2 + 4 λ�1 λ�1 �2 + 8 λ�1 �1 λ�1 �2 + 4 λ2 

�1 �2 + 4 λ�1 �2 λ�1 

+8 λ�1 �2 λ�2 + 2 λ�1 �4 λ�21 + 2 λ�1 �6 λ�31 + 6 λ�1 �2 Tr 
(
Yd Y

† 
d 

)
+ 2 λ�1 �2 Tr 

(
Ye Y † 

e 

)
+ 6 λ�1 �2 Tr 

(
Yu Y † 

u 

)

βλ�1 �1 = 

1 
16 π2 

[ 

+ 27 
25 
g4 1 −

18 
5 
g2 1 g

2 
2 + 6 g4 2 −

9 
2 
g2 1 λ�1 �1 − 33 

2 
g2 2 λ�1 �1 + 12 λ�1 λ�1 �1 + 4 λ2 

�1 �1 + 4 λ�1 λ�1 �2 + λ2
�

+16 λ�1 �1 λ�1 + 6 λ�1 �2 λ�1 + 12 λ�1 �1 λ�2 + 2 λ�1 �2 λ�2 + 6 λ�1 �3 λ�12 + 3 λ�1 �4 λ�12 + 6 λ�1 �5 λ�13 

+3 λ�1 �6 λ�13 + 3 λ�1 �3 λ�21 + 1 
2 
λ�1 �4 λ�21 + 3 λ�1 �5 λ�31 + 1 

2 
λ�1 �6 λ�31 + 6 λ�1 �1 Tr 

(
Yd Y

† 
d 

)
+2 λ�1 �1 Tr 

(
Ye Y † 

e 

)
+ 6 λ�1 �1 Tr 

(
Yu Y † 

u 

)] 

, 
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1 �4 

 

1 �6 

] 

, 

] 

, 

�5 

)

βλ�1 �3 = 

1 
16 π2 

[ 

+ 27 
25 
g4 1 −

18 
5 
g2 1 g

2 
2 + 6 g4 2 −

9 
2 
g2 1 λ�1 �3 − 33 

2 
g2 2 λ�1 �3 + 12 λ�1 λ�1 �3 + 4 λ2 

�1 �3 + 4 λ�1 λ�1 �4 + λ2
�

+6 λ�1 �1 λ�12 + 3 λ�1 �2 λ�12 + 16 λ�1 �3 λ�3 + 6 λ�1 �4 λ�3 + 3 λ�1 �1 λ�21 + 1 
2 
λ�1 �2 λ�21 + 12 λ�1 �3 λ�4 

+2 λ�1 �4 λ�4 + 6 λ�1 �5 λ�23 + 3 λ�1 �6 λ�23 + 3 λ�1 �5 λ�32 + 1 
2 
λ�1 �6 λ�32 + 6 λ�1 �3 Tr 

(
Yd Y

† 
d 

)
+2 λ�1 �3 Tr 

(
Ye Y † 

e 

)
+ 6 λ�1 �3 Tr 

(
Yu Y † 

u 

)] 

, 

βλ�1 �5 = 

1 
16 π2 

[ 

+ 27 
25 
g4 1 −

18 
5 
g2 1 g

2 
2 + 6 g4 2 −

9 
2 
g2 1 λ�1 �5 − 33 

2 
g2 2 λ�1 �5 + 12 λ�1 λ�1 �5 + 4 λ2 

�1 �5 + 4 λ�1 λ�1 �6 + λ2
�

+6 λ�1 �1 λ�13 + 3 λ�1 �2 λ�13 + 6 λ�1 �3 λ�23 + 3 λ�1 �4 λ�23 + 16 λ�1 �5 λ�5 + 6 λ�1 �6 λ�5 + 3 λ�1 �1 λ�31 

+1 
2 
λ�1 �2 λ�31 + 3 λ�1 �3 λ�32 + 1 

2 
λ�1 �4 λ�32 + 12 λ�1 �5 λ�6 + 2 λ�1 �6 λ�6 + 6 λ�1 �5 Tr 

(
Yd Y

† 
d 

)
+2 λ�1 �5 Tr 

(
Ye Y † 

e 

)
+ 6 λ�1 �5 Tr 

(
Yu Y † 

u 

)] 

, 

βλ�1 �4 = 

1 
16 π2 

[ 

+ 36 
5 
g2 1 g

2 
2 −

9 
2 
g2 1 λ�1 �4 − 33 

2 
g2 2 λ�1 �4 + 4 λ�1 λ�1 �4 + 8 λ�1 �3 λ�1 �4 + 4 λ2 

�1 �4 + 4 λ�1 �4 λ�3 

+2 λ�1 �2 λ�21 + 8 λ�1 �4 λ�4 + 2 λ�1 �6 λ�32 + 6 λ�1 �4 Tr 
(
Yd Y

† 
d 

)
+ 2 λ�1 �4 Tr 

(
Ye Y † 

e 

)
+ 6 λ�1 �4 Tr 

(
Yu Y † 

u 

)

βλ�1 �6 = 

1 
16 π2 

[ 

+ 36 
5 
g2 1 g

2 
2 −

9 
2 
g2 1 λ�1 �6 − 33 

2 
g2 2 λ�1 �6 + 4 λ�1 λ�1 �6 + 8 λ�1 �5 λ�1 �6 + 4 λ2 

�1 �6 + 4 λ�1 �6 λ�5 

+2 λ�1 �2 λ�31 + 2 λ�1 �4 λ�32 + 8 λ�1 �6 λ�6 + 6 λ�1 �6 Tr 
(
Yd Y

† 
d 

)
+ 2 λ�1 �6 Tr 

(
Ye Y † 

e 

)
+ 6 λ�1 �6 Tr 

(
Yu Y † 

u 

)

βλ�1 = 

1 
16 π2 

[ 

+ 54 
25 
g4 1 + 15 g4 2 + 2 λ2 

�1 �1 + 2 λ�1 �1 λ�1 �2 − 24 g2 2 λ�1 + 28 λ2 
�1 −

36 
5 
g2 1 

(
g2 2 + λ�1 

)
+ 24 λ�1 λ�2 

+6 λ2 
�2 + 3 λ2 

�12 + 3 λ2 
�13 + 3 λ�12 λ�21 + 1 

4 
λ2 

�21 + 3 λ�13 λ�31 + 1 
4 
λ2 

�31 

] 

, 

βλ�2 = 

1 
16 π2 

[ 

18 λ2 
�2 − 24 g2 2 λ�2 + 24 λ�1 λ�2 − 6 g4 2 +

36 
5 
g2 1 

(
2 g2 2 − λ�2 

)
+ λ2 

�1 �2 + λ2 
�21 + λ2 

�31 

] 

, 

βλ�3 = 

1 
16 π2 

[ 

+ 54 
25 
g4 1 + 15 g4 2 + 2 λ2 

�1 �3 + 2 λ�1 �3 λ�1 �4 + 3 λ2 
�12 − 24 g2 2 λ�3 + 28 λ2 

�3 −
36 
5 
g2 1 

(
g2 2 + λ�3 

)

+3 λ�12 λ�21 + 1 
4 
λ2 

�21 + 24 λ�3 λ�4 + 6 λ2 
�4 + 3 λ2 

�23 + 3 λ�23 λ�32 + 1 
4 
λ2 

�32 

] 

, 

βλ�4 = 

1 
16 π2 

[ 

18 λ2 
�4 − 24 g2 2 λ�4 + 24 λ�3 λ�4 − 6 g4 2 +

36 
5 
g2 1 

(
2 g2 2 − λ�4 

)
+ λ2 

�1 �4 + λ2 
�21 + λ2 

�32 

] 

, 

βλ�5 = 

1 
16 π2 

[ 

+ 54 
25 
g4 1 + 15 g4 2 + 2 λ2 

�1 �5 + 2 λ�1 �5 λ�1 �6 + 3 λ2 
�13 + 3 λ2 

�23 − 24 g2 2 λ�5 + 28 λ2 
�5 −

36 
5 
g2 1 

(
g2 2 + λ

+3 λ�13 λ�31 + 1 
4 
λ2 

�31 + 3 λ�23 λ�32 + 1 
4 
λ2 

�32 + 24 λ�5 λ�6 + 6 λ2 
�6 

] 

, 
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βλ�6 = 

1 
16 π 2 

[ 

18 λ2 
�6 − 24 g2 2 λ�6 + 24 λ�5 λ�6 − 6 g4 2 +

36 
5 
g2 1 

(
2 g2 2 − λ�6 

)
+ λ2 

�1 �6 + λ2 
�31 + λ2 

�32 

] 

, 

βλ�12 = 

1 
16 π 2 

[ 

+ 108 
25 

g4 1 + 30 g4 2 + 4 λ�1 �1 λ�1 �3 + 2 λ�1 �2 λ�1 �3 + 2 λ�1 �1 λ�1 �4 − 24 g2 2 λ�12 + 16 λ�1 λ�12 

+12 λ�2 λ�12 + 4 λ2 
�12 −

36 
5 
g2 1 

(
2 g2 2 + λ�12 

)
+ 16 λ�12 λ�3 + 6 λ�1 λ�21 + 2 λ�2 λ�21 + 6 λ�3 λ�21 

+3 
2 
λ2 

�21 + 12 λ�12 λ�4 + 2 λ�21 λ�4 + 6 λ�13 λ�23 + 3 λ�23 λ�31 + 3 λ�13 λ�32 + 1 
2 
λ�31 λ�32 

] 

, 

βλ�21 = 

1 
16 π 2 

[ 

− 12 g4 2 + 2 λ�1 �2 λ�1 �4 + 36 
5 
g2 1 

(
4 g2 2 − λ�21 

)
− 24 g2 2 λ�21 + 4 λ�1 λ�21 + 8 λ�2 λ�21 + 8 λ�12 λ�21 

+4 λ�3 λ�21 + 3 λ2 
�21 + 8 λ�21 λ�4 + 2 λ�31 λ�32 

] 

, 

βλ�13 = 

1 
16 π 2 

[ 

+ 108 
25 

g4 1 + 30 g4 2 + 4 λ�1 �1 λ�1 �5 + 2 λ�1 �2 λ�1 �5 + 2 λ�1 �1 λ�1 �6 − 24 g2 2 λ�13 + 16 λ�1 λ�13 

+12 λ�2 λ�13 + 4 λ2 
�13 −

36 
5 
g2 1 

(
2 g2 2 + λ�13 

)
+ 6 λ�12 λ�23 + 3 λ�21 λ�23 + 16 λ�13 λ�5 + 6 λ�1 λ�31 

+2 λ�2 λ�31 + 6 λ�5 λ�31 + 3 
2 
λ2 

�31 + 3 λ�12 λ�32 + 1 
2 
λ�21 λ�32 + 12 λ�13 λ�6 + 2 λ�31 λ�6 

] 

, 

βλ�31 = 

1 
16 π2 

[ 

− 12 g4 2 + 2 λ�1 �2 λ�1 �6 + 36 
5 
g2 1 

(
4 g2 2 − λ�31 

)
− 24 g2 2 λ�31 + 4 λ�1 λ�31 + 8 λ�2 λ�31 + 8 λ�13 λ�31 

+4 λ�5 λ�31 + 3 λ2 
�31 + 2 λ�21 λ�32 + 8 λ�31 λ�6 

] 

, 

βλ�23 = 

1 
16 π2 

[ 

+ 108 
25 

g4 1 + 30 g4 2 + 4 λ�1 �3 λ�1 �5 + 2 λ�1 �4 λ�1 �5 + 2 λ�1 �3 λ�1 �6 + 6 λ�12 λ�13 + 3 λ�13 λ�21 

−24 g2 2 λ�23 + 16 λ�3 λ�23 + 12 λ�4 λ�23 + 4 λ2 
�23 −

36 
5 
g2 1 

(
2 g2 2 + λ�23 

)
+ 16 λ�23 λ�5 + 3 λ�12 λ�31 

+1 
2 
λ�21 λ�31 + 6 λ�3 λ�32 + 2 λ�4 λ�32 + 6 λ�5 λ�32 + 3 

2 
λ2 

�32 + 12 λ�23 λ�6 + 2 λ�32 λ�6 

] 

, 

βλ�32 = 

1 
16 π2 

[ 

− 12 g4 2 + 2 λ�1 �4 λ�1 �6 + 2 λ�21 λ�31 + 36 
5 
g2 1 

(
4 g2 2 − λ�32 

)
− 24 g2 2 λ�32 + 4 λ�3 λ�32 + 8 λ�4 λ�32 

+8 λ�23 λ�32 + 4 λ�5 λ�32 + 3 λ2 
�32 + 8 λ�32 λ�6 

] 

. 

The values of the quartic couplings are fixed at the electroweak scale, and the running of 
quartic couplings with the energy scale is considered using two-loop β-functions satisfying the
stability conditions as discussed previously. It is expected that the addition of triplet degrees of 
freedom contributes positively, and enhances the stability of the electroweak vacuum. However,
in contrast, the positive degrees of freedom make the quartic couplings hit the Landau pole at
much lower energy scales. Here, the interaction quartic couplings are restricted to lower values
as depicted in Figs. 1 (b), (d), and (f). Further higher values of the quartic couplings lead to the
appearance of the Landau pole below the Planck scale before the instability. Hence, the allowed
9/37
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parameter space for the interaction quartic couplings is reduced considering the stability up to
the Planck scale. The perturbative unitarity constraints where any of the coupling diverge at a
particular energy scale are given as 

| λi | ≤ 4 π
∣∣g j ∣∣ ≤ 4 π | yk | ≤ 4 π. (3) 

Here, the large positive contribution from the quartic couplings makes it impossible to achieve
perturbative unitarity up to the Planck scale. Perturbative unitarity is achieved only up to 1012 

GeV along with the stability constraints. In our analysis, the perturbative validity of the model
is assessed through the renormalization group evolution of all gauge, Yukawa, and scalar quar-
tic couplings. We define the perturbativity cutoff as the energy scale at which at least one of 
the running couplings exceeds the perturbative regime. For the benchmark points considered in
this work, we find that all couplings remain perturbative up to scales of the order of μ ∼ 1012 

GeV. Beyond this scale, one or more scalar quartic couplings grow rapidly, signaling the break-
down of perturbativity and the onset of strong coupling behavior. We therefore identify 1012 

GeV as the effective upper limit of validity of the model for the benchmark scenarios studied
in the later sections. Since the dynamics of the electroweak phase transition occurs at temper-
atures around the electroweak scale, which is many orders of magnitude below this cutoff, our
results for the phase transition and the associated phenomenology are not affected by the loss
of perturbativity at higher energies. 
The white regions in Figs. 1 (b), (d), and (f) correspond to parameter points that are genuinely

excluded by the theoretical constraints imposed in our analysis, rather than being artifacts of an
insufficient sampling resolution. The scan was performed by uniformly generating points within 

the specified ranges of the quartic couplings and subsequently applying the BFB, perturbativ-
ity, and RGE running constraints. Points failing any of these conditions were discarded, leading
to empty regions in the projected parameter space. We have explicitly checked that increasing
the density of the scanned points does not qualitatively change the shape of the allowed regions
shown in Figs. 1 (b), (d), and (f). The apparent sparsity of colored points is therefore a visual-
ization issue arising from projecting a high-dimensional parameter space onto two dimensions, 
rather than an indication of incomplete coverage. 
After achieving the allowed parameter space from Planck scale stability and perturbative 

unitarity, it is interesting to check the allowed parameter space for the first-order electroweak
phase transition, as discussed in the next section. 

4. Electroweak phase transition 

As the temperature drops, a transition takes place, leading to a broken phase at zero tempera-
ture. This transition starts with the early Universe at high temperature, or the symmetric phase.
The process of moving from the symmetric phase to the broken phase involves the nucleation
of bubbles. Specifically, below the critical temperature Tc , the bubbles of the broken phase be-
gin to form in the sea of the symmetric phase and continue to do so until complete symmetric
phase transitions into the broken phase. It is possible for this phase transition to be of first
or second order. A barrier between the symmetric phase and the broken phase, which is pro-
duced by the cubic term in the potential, is necessary for a strongly first-order phase transition.
The tree-level scalar potential in Equation 2 receives an additional one-loop contribution at
zero temperature from the Coleman–Weinberg potential and a one-loop contribution from the 
finite-temperature potential including a thermal loop using resummation, as given below [ 51 ]: 
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V CW 

1-loop =
1 

(64 π )2 
∑ 

i= B,F 

(−1)Fi ni ˆ mi 
4 
[ 

log 
( ˜ m2 

i 

μ2 

)
− ki 

] 

, (4) 

VT � =0 
1-loop =

∑ 

i= W,G0 ,Z,h,H 1±±,H 2±±,H 3±±, 
H 1±,H 2±,H 3±,A 1 ,H 1 ,A 2 ,H 2 ,A 3 ,H 3 

ni T 4 

2 π2 
JB 

( ˆ m2 
i 

T 2 

)
+ nt T 4 

2 π2 
JF 

( ˆ m2 
t 

T 2 

)
, (5) 

VT � =0 
ring =

∑ 

i= W,G0 ,Z,h,H 1±±,H 2±±,H 3±±, 
H 1±,H 2±,H 3±,A 1 ,H 1 ,A 2 ,H 2 ,A 3 ,H 3 

ni T 4 

12 π

{ [ ˆ m2 
i 

T 2 

] 3 / 2 
−

[ ˜ m2 
i 

T 2 

] 3 / 2 } 

, (6) 

where ˆ m2 
i and ˜ m2 

i are the field-dependent masses and thermally corrected masses, which include
contributions from the daisy corrections resumming hard thermal loops, respectively. The ther-
mally corrected masses are defined as given below: 

˜ m2 
i = ˜ m2 

i (h1 ;T ) = ˆ m2 
i (h1 ) + �i T 2 , (7) 

where the �′ 
i s are the daisy coefficients, which are zero only for the fermionic fields and only get

a contribution from the bosonic fields. Since the triplet vev is very small as constrained from the
ρ parameter, it is sufficient to consider the phase transition only in the Higgs direction. In that
case the mass expressions for the Higgs and the triplet degrees of freedom are given as follows:

m2 
H1±± = m2 

�1 +
1 
2 
λ�1 �1 v2 φ, 

m2 
H2±± = m2 

�2 +
1 
2 
λ�1 �3 v2 φ, 

m2 
H3±± = m2 

�3 +
1 
2 
λ�1 �5 v2 φ, 

m2 
H1± = m2 

�1 +
1 
2 
(λ�1 �1 + 1 

2 
λ�1 �2 ) v2 φ, 

m2 
H2± = m2 

�2 +
1 
2 
(λ�1 �3 + 1 

2 
λ�1 �4 ) v2 φ, 

m2 
H3± = m2 

�3 +
1 
2 
(λ�1 �5 + 1 

2 
λ�1 �6 ) v2 φ, 

m2 
A 1 /H1 = m2 

�1 +
1 
2 
(λ�1 �1 + λ�1 �2 ) v2 φ, 

m2 
A 2 /H2 = m2 

�2 +
1 
2 
(λ�1 �3 + λ�1 �4 ) v2 φ, 

m2 
A 3 /H3 = m2 

�3 +
1 
2 
(λ�1 �5 + λ�1 �6 ) v2 φ. (8) 

Rewriting the scalar potential in Equation 2 in terms of background fields h1 , h2 , h3 , and h4 
for the Higgs doublet and three triplets at high temperature, the mass expressions in Eq. ( 8 ) are
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written in terms of the background Higgs field as follows: 

ˆ m2 
h = 3 λ�1 h2 1 −m2 

�1 
, ˆ m2 

G0 = λ�1 h2 1 −m2 
�1 

, ˆ m2 
W 

= g2 2 
4 
h2 1 , ˆ m2 

Z =
g2 2 + g2 1 

4 
h2 1 , ˆ m2 

t =
y2 t 
2 
h2 1 , 

m2 
H1±± = m2 

�1 +
1 
2 
λ�1 �1 h2 1 , m2 

H2±± = m2 
�2 +

1 
2 
λ�1 �3 h2 1 , m2 

H3±± = m2 
�3 +

1 
2 
λ�1 �5 h2 1 , 

m2 
H1± = m2 

�1 +
1 
2 
(λ�1 �1 + 1 

2 
λ�1 �2 ) h2 1 , m2 

H2± = m2 
�2 +

1 
2 
(λ�1 �3 + 1 

2 
λ�1 �4 ) h2 1 , 

m2 
H3± = m2 

�3 +
1 
2 
(λ�1 �5 + 1 

2 
λ�1 �6 ) h2 1 , m2 

A 1 /H1 = m2 
�1 +

1 
2 
(λ�1 �1 + λ�1 �2 ) h2 1 , 

m2 
A 2 /H2 = m2 

�2 +
1 
2 
(λ�1 �3 + λ�1 �4 ) h2 1 , m2 

A 3 /H3 = m2 
�3 +

1 
2 
(λ�1 �5 + λ�1 �6 ) h2 1 . 

(9) 

The masses belonging to the same multiplet would have the same thermal corrections, and
the corresponding expressions for the Debye coefficients are given below: 

�h = 

(g2 1 + 3 g2 2 
16 

+ λ�1 

2 
+ y2 t 

4 
+ (λ�1 �1 + λ�1 �3 + λ�1 �5) 

6 
+ (λ�1 �2 + λ�1 �4 + λ�1 �6) 

8 

)
T 2 , 

�G0 = 

(g2 1 + 3 g2 2 
16 

+ λ�1 

2 
+ y2 t 

4 
+ (λ�1 �1 + λ�1 �3 + λ�1 �5) 

6 
+ (λ�1 �2 + λ�1 �4 + λ�1 �6) 

8 

)
T 2 , 

��1 = 

(2 λ�1 �1 + λ�1 �2 

12 
+ (6 λ�1 + 5 λ�2 ) 

12 
+ (λ�12 + λ�13 ) 

6 
+ (λ�21 + λ�31 ) 

8 

)
T 2 , 

��2 = 

(2 λ�1 �3 + λ�1 �4 

12 
+ (6 λ�3 + 5 λ�4 ) 

12 
+ (λ�12 + λ�23 ) 

6 
+ (λ�21 + λ�32 ) 

8 

)
T 2 , 

��3 = 

(2 λ�1 �5 + λ�1 �6 

12 
+ (6 λ�5 + 5 λ�6 ) 

12 
+ (λ�13 + λ�23 ) 

6 
+ (λ�31 + λ�32 ) 

8 

)
T 2 , 

�WL = 

31 
12 
g2 2 T

2 , 

�WT = �ZT = �γT = 0 , 

˜ m2 
ZL 

= 

1 
2 
ˆ m2 
Z 

+ 31 
24 

(g2 1 + g2 2 ) T
2 + δ, 

˜ m2 
γL 

= 

1 
2 
ˆ m2 
Z 

+ 31 
24 

(g2 1 + g2 2 ) T
2 − δ, 

where all the particles belonging to the same multiplet have the same thermal corrections, except
the transverse component of W , Z, and γ , which receives zero thermal corrections [ 52 ]. ˜ m2 

ZL 

and ˜ m2 
γL 

are the Debye masses for the longitudinal component of the Z boson and the photon,
and δ is computed as follows: 

δ2 =
(1 
2 
ˆ m2 
z +

31 
24 

(g2 1 + g2 2 ) T
2 
)2 

− 31 
24 
g2 1 g

2 
2 T

2 (h2 1 +
31 
8 
T 2 ) . (10) 

After setting up the full temperature-corrected one-loop potential, we choose the allowed 

parameter space from the Planck scale stability for the phase transition analysis as given in
Tables 1 and 2 . 
The strength of the phase transition φ+ 

(Tc ) /Tc [ 32 , 34 ] for the chosen benchmark
points is given in Table 3 for different values of bare mass parameters, where φ+ 

(Tc ) =√ 

(hl 1 − hh 1 )
2 + (hl 2 − hh 2 )

2 + (hl 3 − hh 3 )
2 + (hl 4 − hh 4 )

2 at the critical temperature Tc with the su- 
perscript h and l denoting the high vev and the low vev for the SM Higgs and three triplet
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Table 1. Benchmark points chosen from the allowed values satisfying the stability up to the Planck scale 
for the electroweak phase transition. 

λ�1 λ�1�1 λ�1�2 λ�1�3 λ�1�4 λ�1�5 λ�1�6 λ�12 λ�21 λ�13 

BP1 0.1264 −0.103 0.185 0.239 0.475 0.360 0.284 0.157 0.476 0.326 
BP2 0.1264 0.287 0.193 −0.090 0.175 0.040 −0.100 09 0.049 −0.229 −0.042 
BP3 0.1264 −0.073 −0.1365 −0.016 0.1817 0.376 266 0.3943 0.1122 −0.1691 0.154 47 
BP4 0.1264 0.229 −0.101 0.0858 0.332 0.350 −0.0743 0.460 −0.0949 −0.1726 
BP5 0.1264 0.0862 0.0671 0.341 −0.4251 0.4514 −0.3888 0.2859 −0.109 −0.0848 

Table 2. Benchmark points chosen from the allowed values satisfying the stability up to the Planck scale 
for the electroweak phase transition. 

λ�31 λ�23 λ�32 λ�1 λ�2 λ�3 λ�4 λ�5 λ�6 

BP1 −0.473 0.309 −0.018 0.220 0.032 0.104 −0.0096 −0.0396 0.322 
BP2 −0.148 0.0416 0.192 −0.0190 0.150 0.075 0.382 0.329 0.067 
BP3 −0.3776 0.0001 0.4943 0.4985 −0.015 734 0.334 779 −0.159 61 0.283 303 −0.108 596 
BP4 0.137 08 −0.026 22 −0.1855 −0.0214 0.080 57 −0.150 77 0.3463 0.2467 0.310 866 
BP5 0.3742 −0.1985 0.0967 0.2108 0.3512 0.3714 0.0799 −0.0922 0.4764 

Table 3. Strength of the electroweak phase transition for different bare mass parameters in GeV for each 

of the benchmark points. 

BP1 BP2 BP3 BP4 BP5 

m�1 /m�2 /m�3 

(GeV) 
φ+ (Tc ) /Tc φ+ (Tc ) /Tc φ+ (Tc ) /Tc φ+ (Tc ) /Tc φ+ (Tc ) /Tc 

50.0 1.51 1.43 1.47 1.44 1.44 
100.0 1.45 1.41 1.43 1.41 1.41 
150.0 1.41 1.39 1.41 1.39 1.40 
200.0 1.398 1.38 1.395 1.385 1.389 
250.0 1.387 1.379 1.389 1.381 1.384 
500.0 1.35 1.379 1.385 1.369 1.379 
1000.0 1.32 1.33 1.336 1.313 1.329 

 

 

 

 

 

 

 

 

 

 

 

fields. Tc is the critical temperature where two different minima of the potential are degenerate,
i.e. V (0 ;Tc ) = V (φ+ 

;Tc ) . The contribution from the SM Higgs doublet and the triplet degrees
of freedom to the cubic term is large enough, making the transition strongly first order. The
strength of the phase transition for the variation of bare mass parameters from 50.0–1000.0
GeV is always strongly first order, varying from 1 . 51–1 . 32 , 1 . 43–1 . 33 , 1 . 47–1 . 336 , 1 . 44–1 . 313 ,
and 1 . 44–1 . 329 for BP1, BP2, BP3, BP4, and BP5, respectively. The strength of the phase transi-
tion reduces with the increase in the mass but it remains strongly first order until the masses are
heavy enough to decouple from the thermal bath and the phase transition strength saturates. 
This phase transition occurring via bubble nucleation also leads to the collision of bubbles,

resulting in shock waves similar to the GW signatures. The intensity of the GW consists of three
different contributions: (1) bubble wall collision [ 53–58 ]; (2) sound waves in the plasma [ 59–63 ];
and (3) magnetohydrodynamic turbulence in plasma [ 64–68 ]; the net contribution combining
13/37
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these three linearly is as follows [ 69 ]: 

h2 �GW 
	 h2 �φ + h2 �SW 

+ h2 �turb . (11) 

The first term is computed using the envelope approximation [ 54–56 ] via numerical simula-
tions and is given as 

h2 �env ( f ) = 1 . 67 × 10−5 
( β

H 

)−2 ( κφα

1 + α

)2 (100 
g∗

)1 / 3 ( 0 . 11 v3 w 
0 . 42 + v2 w 

) 3 . 8( f / fenv )2 . 8 

1 + 2 . 8( f / fenv )3 . 8 
, (12) 

with 

β =
[ 

H T
d 
dT 

(S3 

T 

)] ∣∣∣
Tn 

. (13) 

Tn is the nucleation temperature at which bubble nucleation begins, H is the Hubble parameter,
and β indicates the duration of the phase transition. For the critical bubble in the spherical polar
coordinates, the Euclidean action of the background field is defined as S3 , and is expressed as
follows [ 70 ]: 

S3 = 4 π
∫ 

drr2 
[ 1 
2 
(∂r � φ)2 + V1 (T )

] 

. (14) 

α, κφ, κv , and vw are additional crucial parameters for calculating the GW background. α de-
notes the ratio of the vacuum energy density to the radiation bath that is released during the
phase transition, which is described as 

α = ρvac 

ρ∗
rad 

, (15) 

where ρ∗
rad = g∗π2 T 4 

∗ / 30 , g∗ is defined as the number of relativistic degrees of freedom in
plasma at temperature T∗ with T∗ = Tn in the absence of reheating. Other parameters needed
for computing the GW frequencies are found as [ 69 , 71–75 ]: 

κv = 

ρv 

ρvac 
, κφ = ρφ

ρvac 
= 1 − α∞ 

α
, vw = 1 /

√ 

3 +
√ 

α2 + 2 α/ 3 
1 + α

, 

α∞ 
= 

30 
24 π2 g∗

( vn 
Tn 

)2 [ 

6
(mW 

v 

)2 
+ 3

(mZ 

v 

)2 
+ 6

(mt 

v 

)2 ] 

. (16) 

The proportion of vacuum energy that is transformed into the bulk motion of the fluid is de-
fined by κv , while the fraction of vacuum energy that is transformed into the gradient energy
of the Higgs-like field is defined by κφ. The specified bubble wall velocity of the fluid is vw ; the
Higgs field velocities at zero temperature and the nucleation temperature are v, vn . The masses
of the top quark, Z boson, W boson, and Tn are mt , mZ 

, and mw , respectively. The peak fre-
quency fenv , which contributes to the GW intensity derived from the bubble collisions, can
finally be expressed as follows: 

fenv = 16 . 5 × 10−6 Hz 
( 0 . 62 
v2 w − 0 . 1 vw + 1 . 8 

)( β

H 

)( Tn 
100 GeV 

)( g∗
100 

) 1 
6 
. (17) 

Second, the following represents the contribution of sound waves in the plasma to the GW
intensity: 

h2 �SW 
= 2 . 65 × 10−6 

( β

H 

)−1 
vw 

( κv α

1 + α

)2 ( g∗
100 

)− 1 
3 
( f 
fSW 

)3 

⎡ ⎢ ⎣ 

7 

4 + 3
(

f 
fSW 

)2 

⎤ ⎥ ⎦ 

2 

, (18) 
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where the fraction of latent heat that is transferred to the bulk motion of the fluid, denoted by
the parameter κv , which was previously given in Eq. ( 16 ), may now be rewritten as 

κv = α∞ 

α

[ α∞ 

0 . 73 + 0 . 083
√ 

α∞ 
+ α∞ 

] 

. (19) 

The peak frequency contribution computed from the sound-wave mechanisms fSW 
to the GW

spectrum is as follows: 

fSW 
= 1 . 9 × 10−5 Hz 

( 1 
vw 

)( β

H 

)( Tn 
100 GeV 

)( g∗
100 

) 1 
6 
. (20) 

Finally, Ref. [ 76 ] provides the contribution to the GW spectrum from the magnetohydrody-
namic turbulence: 

h2 �turb = 3 . 35 × 10−4 
( β

H 

)−1 
vw 

( εκv α

1 + α

) 3 
2 
( g∗
100 

)− 1 
3 
( f 
fturb 

)3 
(
1 + f 

fturb 

)− 11 
3 (

1 + 8 π f 
h∗

) , (21) 

where fturb represents the peak frequency contribution coming from the turbulence mechanism
to the GW spectrum and ε = 0 . 1 : 

fturb = 2 . 7 × 10−5 Hz 
( 1 
vw 

)( β

H 

)( Tn 
100 GeV 

)( g∗
100 

) 1 
6 
. (22) 

where 

h∗ = 16 . 5 × 10−6 Hz 
( Tn 
100 GeV 

)( g∗
100 

) 1 
6 
. (23) 

For this analysis, the κv supplied in Eq. ( 19 ) is upgraded to the following expression [ 77 , 78 ]: 

κv 	
[ α∞ 

0 . 73 + 0 . 083
√ 

α∞ 
+ α∞ 

] 

. (24) 

The CosmoTransition [ 79 ] package implements the effective potential in Eq. 10 for calcu-
lating the pertinent parameters required for the computation of frequencies of the GWs. The
variation of the minima of the potential with the temperature is plotted in Fig. 2 for BP1–
BP5 from Tables 1 and 2 . Each color denotes a different phase and a discontinuity denotes
the change of phase at a particular temperature. For BP1, the phase transition occurs in two
steps, first around temperature Tc = 1377 . 9 GeV, which is of the second order, and later around
Tc = 127 . 69 GeV, which is of the first order. At BP1, the electroweak phase transition proceeds
through an intermediate phase, resulting in a two-step pattern. The first transition occurs be-
tween two nearby local minima of the finite-temperature effective potential, which are separated
by a relatively shallow barrier. Because the vacuum expectation values involved in this step are
small and the free-energy difference between the competing minima is limited, the correspond-
ing change in the order parameter is not visually prominent in Fig. 2 (a). To verify that this
transition is not a numerical artifact, we have carefully tracked the temperature evolution of 
all relevant field directions and explicitly monitored the emergence and disappearance of local
minima in the full multifield potential. We also confirmed the existence of two distinct critical
temperatures by checking the degeneracy of the minima and ensuring the numerical stability of 
the solution under variations of the step size and convergence criteria used in the minimization
procedure. The second transition, which corresponds to the onset of electroweak symmetry
breaking, exhibits a much stronger barrier, and therefore dominates the phenomenological im-
plications, such as the strength of the phase transition and the GW signal; it is a genuine feature
of the thermal potential at BP1 rather than a numerical artifact. 
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Fig. 2. Minima of the potential as a function of temperature in GeV, where h1 is the background field 

for the SM Higgs doublet and h2 , h3 , and h4 are the background fields for the Higgs triplets. 

 

 

 

 

 

The noticeably different values of the latent heat parameter α and the inverse duration param-
eter β/Hn at BP1 are indeed closely related to the multistep nature of the electroweak phase
transition in this benchmark scenario. At BP1, the phase transition proceeds through an in-
termediate phase before reaching the final electroweak-broken vacuum. As a result, the ther-
modynamic quantities relevant for GW production are dominantly determined by the second 

transition, which is responsible for the actual electroweak symmetry breaking. In this case, part
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Table 4. Phase transition strength for the allowed benchmark points given in Tables 1 and 2 . The critical 
temperature Tc and nucleation temperature Tn are displayed for each benchmark point, together with 

the “order” (first- and second-order phase transitions) and “pattern” 1 or 2 (one- or two-step phase 
transition) for each. The corresponding bare mass parameters for the scalar triplets are 500 GeV for this 
analysis. 

i Pattern Ti [GeV] Order α β/Hn 

Tc 2 1377.9 2 
BP1 Tc 2 127.69 1 

Tn 2 127.68 1 5.36 1532.0 
BP2 Tc 1 135.10 1 

Tn 1 135.06 1 3.42 319.14 
BP3 Tc 1 130.81 1 

Tn 1 130.80 1 4.90 205.49 
BP4 Tc 1 137.78 1 

Tn 1 137.77 1 3.24 360.99 
BP5 Tc 1 137.22 1 

Tn 1 137.21 1 3.38 324.24 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

of the vacuum energy is already released during the first, milder transition, reducing the amount
of energy available at the second step. This leads to a modified latent heat, and hence a differ-
ent value of α compared to the single-step transitions realized at the other benchmark points.
Similarly, the parameter β/Hn , which characterizes the timescale of the transition, is sensitive
to the shape of the potential barrier and the temperature dependence of the nucleation rate.
In a two-step transition, the second step typically occurs in a background that has already un-
dergone partial symmetry breaking, resulting in a flatter effective potential near the nucleation
temperature. This alters the temperature derivative of the Euclidean action and consequently
yields a value of β/Hn that differs significantly from those in single-step transitions. Therefore,
the distinctive values of α and β/Hn at BP1 arise from the redistribution of vacuum energy and
the altered nucleation dynamics inherent to multistep electroweak phase transitions. This high-
lights the sensitivity of GW observables to the detailed structure of the thermal history. For
BP2–BP5, the phase transition occurs via one step and it is of first order. The relevant parame-
ters for the GW signatures, i.e. Tc , Tn , α, and β/Hn , are given in Tables 4 and 5 for two different
values of bare mass parameters of the scalar triplet, i.e. 500 GeV and 1 TeV, respectively. The
strength of the phase transition and the corresponding GW intensity is more or less the same
for both values of the bare mass parameters. The intensity of GWs with the frequency in hertz
is plotted in Fig. 3 for all the BPs for both the 500 GeV and 1 TeV mass ranges of bare mass
parameters of the scalar triplets. 
In order to put our benchmark points into context with other extended Higgs sectors, we

briefly compare the sizes of the quartic couplings relevant for a strongly first-order electroweak
phase transition (SFOEWPT) in the literature. For the Type-II seesaw model, a detailed study
of the electroweak phase transition in Ref. [ 27 ] finds that a SFOEWPT generically prefers pos-
itive Higgs portal couplings between the triplet and the SM Higgs and a relatively light triplet
with mass below ∼550 GeV. Although this work does not list exact coupling values in the
abstract, the preference for positive and appreciable portal couplings implies that the corre-
sponding quartic interactions in the Type-II seesaw potential are typically nonnegligible and
of moderate size in the parameter regions that support a strong EWPT. By contrast, numerous
17/37
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Table 5. Phase transition strength for the allowed benchmark points given in Tables 1 and 2 . The critical 
temperature Tc and nucleation temperature Tn are displayed for each benchmark point, together with 

the “order” (first- and second-order phase transitions) and “pattern” 1 or 2 (one- or two-step phase 
transition) for each. The corresponding bare mass parameters for the scalar triplets are 1 TeV for this 
analysis. 

i Pattern Ti [GeV] Order α β/Hn 

Tc 2 1397.1 2 
BP1 Tc 2 129.45 1 

Tn 2 129.23 1 5.16 1601.03 
BP2 Tc 1 137.15 1 

Tn 1 137.09 1 3.19 360.07 
BP3 Tc 1 132.67 1 

Tn 1 132.53 1 4.68 250.17 
BP4 Tc 1 139.41 1 

Tn 1 139.07 1 3.05 405.12 
BP5 Tc 1 139.10 1 

Tn 1 138.98 1 3.25 389.45 

Fig. 3. GW signatures for the benchmark points permitted by strongly first-order phase transition and 

vacuum stability at the Planck scale. For BP2–BP5, the GW intensity peaks at about 10−3 Hz, whereas for 
BP1, it peaks at about 0.01 Hz. For every benchmark point, the GW intensity is within the observable 
frequency range of the BBO and LISA studies. For every BP, the GW intensity is less intense for the 
corresponding LIGO detectable range. 

 

 

 

 

 

 

 

studies of SFOEWPT in two-Higgs-doublet models (2HDM) indicate that achieving a strong 
transition tends to require order-one quartic couplings in the scalar potential. For example, pa-
rameter scans in Type-II 2HDM frameworks that enforce SFOEWPT find that the mass split-
tings and self-interactions among the additional Higgs fields, and hence the associated quartic
coefficients in the potential, must be sizeable (typically λi ∼ O(0 . 5–1 . 0) or above) to gener-
ate a sufficiently deep thermal potential barrier. This trend is seen in systematic investigations
of SFOEWPT in Type-II 2HDMs, where benchmark scenarios with successful transitions are 
characterized by large inter-doublet quartic interactions. In comparison, the quartic couplings 
at our benchmark points (Tables 1 and 2 ) are noticeably smaller than these typical values, yet
we still find strongly first-order transitions. The key reason is that our model contains mul-
tiple interacting scalar triplets with Higgs portal and inter-triplet interactions. The combined 

finite-temperature contributions from these additional degrees of freedom enhance the thermal 
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barrier between phases even when individual quartic couplings are modest. This multiscalar en-
hancement mechanism means that a strong transition can be realized with smaller individual
couplings than would be required in simpler two-scalar extensions such as the 2HDM or min-
imal Type-II seesaw. 
The GW signatures for the benchmark points permitted by strongly first-order phase transi-

tions and vacuum stability at the Planck scale are displayed in Fig. 3 . In the present work, vw 
is not calculated dynamically from the microphysics of bubble expansion. Instead, it is taken
as a fixed input parameter, which is a standard practice in many studies of first-order elec-
troweak phase transitions. Specifically, for all benchmark points considered in this paper, we
use vw = 0 . 6 , corresponding to a moderately relativistic wall velocity. This choice lies between
slow deflagration ( vw � 0 . 3 ) and ultra-relativistic runaway scenarios ( vw → 1 ) and is commonly
adopted as a representative value in phenomenological studies of GW production from elec-
troweak phase transitions. The bubble wall velocity plays a crucial role in determining the
strength and shape of the GW spectrum. The overall amplitude of the spectrum and the ef-
ficiency of energy transfer from the vacuum to the plasma are sensitive to vw . In particular, a
smaller wall velocity ( vw � 0 . 3 ) corresponds to slow-moving bubbles, leading to a larger frac-
tion of the released energy being transferred to the plasma rather than directly into the scalar
field, which modifies the relative contributions of the sound-wave and turbulence components.
A larger wall velocity ( vw → 1 ) corresponds to ultra-relativistic runaway bubbles, enhancing
the scalar field contribution and shifting the peak frequency. Because of these theoretical un-
certainties, we also checked that varying vw within a reasonable range ( 0 . 3 � vw � 0 . 9 ) does not
qualitatively change our conclusions. While the peak amplitude and peak frequency of the GW
signal vary, the overall trends across different benchmark points and the detectability prospects
with planned experiments such as LISA, LIGO, and BBO remain robust. A precise calculation
of the bubble wall velocity in this multitriplet scalar setup would require a full treatment of the
friction and plasma dynamics. 
For BP2–BP5, the GW intensity lies in the detectable frequency range of LISA and BBO

with a peak around 10−3 Hz. For BP1 with two-step transition, the GW intensity still lies
in the detectable frequency range of LISA and BBO with a peak around 0.01 Hz. The GW
sensitivity curves adopted in our analysis are taken from well established references in the
literature and correspond to the projected sensitivities of future and current experiments. In
particular, the LISA sensitivity curve is based on the official LISA proposal and subsequent
updates, as presented by the Laser Interferometer Space Antenna (LISA) [ 48 ], the BBO sen-
sitivity curve follows the standard projections discussed in Ref. [ 47 ], and the LIGO sensitivity
curve corresponds to the design sensitivity of Advanced LIGO, as summarized in Ref. [ 80 ].
This makes the comparison between our predicted GW spectra and experimental sensitiv-
ities fully transparent. The frequency ranges for all the BPs lie in the detectable frequency
range of LIGO but the corresponding GW intensity is lower compared to the detectable
range. 

5. Experimental constraints 
In the present work, our primary focus is on the theoretical consistency of the extended scalar
sector and its impact on the electroweak phase transition. Nevertheless, the benchmark points
considered are chosen to be compatible with the existing experimental constraints. Concern-
ing direct searches, the additional scalar triplet states at the benchmark points have masses
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at or above the TeV scale. As a result, current LHC searches for doubly and singly charged
scalars, which mainly constrain lighter states or scenarios with large production cross sections,
do not exclude the benchmark configurations considered in this work. Regarding electroweak 

precision observables, in particular the oblique parameters S, T, and U , the dominant contri-
butions arise from mass splittings among the scalar components. At the benchmark points,
these splittings are kept moderate, ensuring that the resulting corrections remain within the ex-
perimentally allowed ranges. Moreover, the approximate custodial symmetry preserved in the 
scalar spectrum further suppresses potentially dangerous contributions to the T parameter. 
We emphasize that the purpose of the benchmark points is to illustrate the viability of a strong
first-order electroweak phase transition within a theoretically consistent and experimentally 
allowed region of parameter space. A comprehensive collider-level analysis of the full param-
eter space would be an interesting extension of the present study but lies beyond its scope. The
benchmark points (BPs) considered here also have testable implications at current and future
experiments. 

5.1. Direct and indirect searches 
At the benchmark points, the extended scalar sector predicts additional neutral and charged
scalar states with masses in the few hundred GeV to TeV range. Such states can be probed at
the LHC and future colliders through direct searches in channels involving gauge boson pairs,
multilepton final states, and, for triplet-like scalars, same-sign dilepton signatures. Indirect con- 
straints from electroweak precision observables, particularly the oblique parameters, can be 
satisfied due to the relatively small mass splittings among the scalar states at the benchmark
points, consistent with existing bounds. 

5.2. Higgs trilinear coupling 
A strongly first-order EWPT is known to be closely correlated with a deviation of the Higgs
trilinear self-coupling from its Standard Model (SM) value, since both originate from the shape
of the scalar potential and the presence of a potential barrier at finite temperature. In many
extended Higgs sectors, such as the two-Higgs-doublet model or the Type-II seesaw model,
achieving a strong first-order EWPT typically requires sizable quartic couplings, leading to de-
viations in the Higgs trilinear coupling of the order of �λhhh /λ

SM 

hhh ∼ O(30%–100%) , as shown
in e.g. Refs. [ 81–83 ]. In contrast, in our model the strongly first-order EWPT is realized through
the collective effect of multiple scalar degrees of freedom, rather than large individual quar-
tic couplings. As a result, the quartic couplings at the benchmark points are comparatively
moderate, and we expect the deviation in the Higgs trilinear coupling to be smaller but still
potentially observable, typically at the level of �λhhh /λ

SM 

hhh ∼ O(10%–30%) , which is compara- 
ble to what has been found in multiscalar extensions with similar dynamics. Such deviations
are within the projected sensitivity of future Higgs facilities. For instance, the HL-LHC is ex-
pected to probe the Higgs trilinear coupling at the ∼ 50% level, while future lepton collid-
ers such as the ILC, FCC-ee, and CLIC can reach sensitivities of ∼ 10%–20% (see e.g. Refs.
[ 84 , 85 ]). 

5.3. Scope of the present work 

A precise numerical determination of the Higgs trilinear coupling in our model would re-
quire a dedicated zero-temperature effective potential analysis, including loop corrections and 
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renormalization-scheme dependence, which goes beyond the scope of the present study. Nev-
ertheless, the benchmark points considered here clearly suggest a correlated signal: a strong
EWPT accompanied by a potentially measurable deviation in the Higgs self-coupling and com-
plementary collider signatures of the new scalar states. 

6. Conclusion 

In this work we have extended the Type-II seesaw model with U (1)Lμ−Lτ
symmetry where we re-

quire at least three triplets to generate a realistic neutrino mass matrix with an inbuilt structure
of two-zero texture. In this multifield scalar sector we have explored the vacuum stability and the
pertubativity of the scalar potential. We have found that these triplets provide enough positive
contribution to ameliorate the Higgs vacuum instability issue and the stability is achieved up to
the Planck scale using two-loop β- functions. Moreover, we have noticed that the two-loop per-
turbativity is satisfied up to 1012 GeV. We agree that the appearance of a Landau pole at a scale
of μ ∼ 1012 GeV implies that the present model should be regarded as an effective field theory
valid up to this scale, and that conclusions drawn beyond it are not reliable. Our statement re-
garding the improvement of the Higgs vacuum stability should therefore be understood in this
effective-field-theory sense. In the Standard Model, the Higgs quartic coupling turns negative
at an intermediate scale μ ∼ 109 –1011 GeV, signaling the onset of vacuum metastability well
below the Planck scale. In contrast, in the present model the additional scalar triplets provide
positive loop contributions to the running of the Higgs quartic coupling, which prevent it from
becoming negative throughout the entire range where the theory remains perturbative and un-
der control, namely up to μ ∼ 1012 GeV. From this perspective, the introduction of the triplet
scalars genuinely improves the vacuum stability problem within the domain of validity of the
theory: the electroweak vacuum remains absolutely stable up to the cutoff scale set by pertur-
bativity. While it is true that one cannot make definitive statements about stability above the
Landau pole without specifying a UV completion, the absence of an instability below that scale
represents a meaningful improvement compared to the Standard Model, where the instability
typically arises at lower energies. Next, we have considered this allowed parameter space from
the vacuum stability and perturbativity for the study of the electroweak phase transition. It has
been found that the three triplets contribute significantly enough to the cubic term crucial for
generating the barrier between the symmetric phase and broken phase. As a result, the phase
transition comes out to be strongly first order up to the TeV scale mass range, i.e. until the
degrees of freedom are heavy enough to decouple from the thermal bath. Finally, we have also
studied the GW signatures for two different values of the bare mass parameters of the triplets,
i.e. 500 GeV and 1 TeV, respectively. The GW signatures are almost the same for both values
of the bare mass parameters of the scalar triplets, and lie in the detectable frequency range of 
the LISA and BBO experiments. 
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Two-loop β-functions for dimensionless couplings 
A.1. Two-loop β- functions for Scalar quartic couplings 
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)
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)
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(
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Tr 

(
Yd Y

† 
d 

)
+ 17 

2 
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(
Yu Y † 

u 

)
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2 
g2 2 λTr 

(
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u 
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− 3 
20 

(
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(
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+ 5

(
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))
Tr 

(
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e 

)
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g4 1 Tr 

(
Yu Y † 

u 

)
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(
Yu Y † 

u 

)
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(
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u 
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(
Yd Y
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d Yd Y

† 
d 
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(
Yd Y
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d Yd Y
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d 

)
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† 
d 
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(
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)
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(
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† 
e 

)
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5 
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(
Yu Y † 

u Yu Y
† 
u 

)
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(
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u 

)
− 3 λTr 

(
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u 

)
+30Tr 

(
Yd Y

† 
d Yd Y

† 
d Yd Y
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d 

)
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(
Yd Y
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d Yd Y

† 
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)
+ 6Tr 

(
Yd Y
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u Yu Y
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d Yd Y

† 
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)
− 6Tr 

(
Yd Y
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u Yu Y

† 
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† 
d 

)
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(
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e Ye Y
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u 

)] 
. 

βλ�1 �1 = 

1 
16 π2 

[ 
+ 27 

25 
g4 1 −

18 
5 
g2 1 g

2 
2 + 6 g4 2 −

9 
2 
g2 1 λ�1 �1 − 33 

2 
g2 2 λ�1 �1 + 12 λλ�1 �1 + 4 λ2 

�1 �1 + 4 λλ�1 �2 + λ2 
�1 �2 + 16 λ�1 �1 λ�1 

+6 λ�1 �2 λ�1 + 12 λ�1 �1 λ�2 + 2 λ�1 �2 λ�2 + 6 λ�1 �3 λ�12 + 3 λ�1 �4 λ�12 + 6 λ�1 �5 λ�13 + 3 λ�1 �6 λ�13 + 3 λ�1 �3 λ�21 

+ 1 
2 

λ�1 �4 λ�21 + 3 λ�1 �5 λ�31 + 1 
2 

λ�1 �6 λ�31 + 6 λ�1 �1 Tr 
(
Yd Y

† 
d 

)
+ 2 λ�1 �1 Tr 

(
Ye Y † 

e 

)
+ 6 λ�1 �1 Tr 

(
Yu Y † 

u 

)] 

+ 1 
(16 π2 )2 

[ 
− 12 573 

500 
g6 1 +

3381 
100 

g4 1 g
2 
2 +

161 
5 
g2 1 g

4 
2 +

49 
6 
g6 2 +

54 
5 
g4 1 λ − 12 g2 1 g

2 
2 λ + 60 g4 2 λ + 22 323 

400 
g4 1 λ�1 �1 + 429 

40 
g2 1 g

2 
2 λ�1 �1 

+ 4981 
48 

g4 2 λ�1 �1 + 72 
5 
g2 1 λλ�1 �1 + 72 g2 2 λλ�1 �1 − 60 λ2 λ�1 �1 + 3 g2 1 λ
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�1 �1 + 11 g2 2 λ

2 
�1 �1 − 72 λλ2 

�1 �1 − 13 λ3 
�1 �1 

+ 45 
4 
g4 1 λ�1 �2 − 114 

5 
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2 
2 λ�1 �2 + 185 

4 
g4 2 λ�1 �2 + 24 

5 
g2 1 λλ�1 �2 + 36 g2 2 λλ�1 �2 − 16 λ2 λ�1 �2 − 12 g2 2 λ�1 �1 λ�1 �2 
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5 
g4 1 λ�1 �3 
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5 
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2 
�1 �4 
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72 
5 
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5 
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�1 
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�2 
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5 
g4 1 λ�12 + 30 g4 2 λ�12 + 144 

5 
g2 1 λ�1 �3 λ�12 + 96 g2 2 λ�1 �3 λ�12 − 24 λ�1 �1 λ�1 �3 λ�12 − 12 λ2 
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�12 − 12 λ�1 �3 λ
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�1 �6 λ�13 − 3 λ�1 �1 λ
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−3 λ�1 �1 λ�12 λ�21 − 12 λ�1 �3 λ�12 λ�21 − 2 λ�1 �4 λ�12 λ�21 − 7 
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2 
λ2 

�1 �6 λ�31 
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2 
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20 

(
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(
4 λ2 

�1 �1 + 8 λ
(
3 λ�1 �1 + λ�1 �2 

)
+ λ2 

�1 �2 

)
+ 800 g2 3 λ�1 �1 
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(

− 216 g2 2 + 25 λ�1 �1 

))
Tr 

(
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† 
d 

)
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20 

(
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(
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�1 �1 + 8 λ
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3 λ�1 �1 + λ�1 �2 

)
+ λ2 
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)
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(
− 25 λ�1 �1 + 88 g2 2 
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+ 40 g4 2 − 75 g2 2 λ�1 �1 
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Tr 

(
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e 

)
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(
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)
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5 
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(
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u 

)
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u 

)
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(
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u 
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u 

)
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(
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u 

)
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(
Yu Y † 

u 

)
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(
Yu Y † 

u 

)
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u 
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. 

βλ�1 �3 = 
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16 π2 
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+ 27 
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2 
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�1 �3 + 4 λλ�1 �4 + λ2 
�1 �4 + 6 λ�1 �1 λ�12 
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2 
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+3 λ�1 �6 λ�23 + 3 λ�1 �5 λ�32 + 1 
2 
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(
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)] 
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− 12 573 

500 
g6 1 +
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λ2 
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(
2 λ + 2 λ�1 �1 + λ�1 �2 

)
+ g2 1 

(
528 g2 2 + 75 λ�1 �2 

))
Tr 

(
Ye Y † 

e 

)
+ 252 

5 
g2 1 g

2 
2 Tr 

(
Yu Y † 

u 

)
+ 17 

4 
g2 1 λ�1 �2 Tr 

(
Yu Y † 

u 

)
+ 45 

4 
g2 2 λ�1 �2 Tr 

(
Yu Y † 

u 

)
+ 40 g2 3 λ�1 �2 Tr 

(
Yu Y † 

u 

)
− 24 λλ�1 �2 Tr 

(
Yu Y † 

u 

)
−24 λ�1 �1 λ�1 �2 Tr 

(
Yu Y † 

u 

)
− 12 λ2 

�1 �2 Tr 
(
Yu Y † 

u 

)
− 27 

2 
λ�1 �2 Tr 

(
Yd Y

† 
d Yd Y

† 
d 

)
+ 27 λ�1 �2 Tr 

(
Yd Y

† 
u Yu Y

† 
d 

)
− 9 
2 

λ�1 �2 Tr 
(
Ye Y † 

e Ye Y
† 
e 

)
− 27 

2 
λ�1 �2 Tr 

(
Yu Y † 

u Yu Y
† 
u 

)
− 10 λ�1 �2 λ�1 �6 λ�31 − 8 λ�1 �5 λ�1 �6 λ�31 − 4 λ2 

�1 �6 λ�31 

] 
. 

βλ�1 �4 = 

1 
16 π2 

[ 
+ 36 

5 
g2 1 g

2 
2 −

9 
2 
g2 1 λ�1 �4 − 33 

2 
g2 2 λ�1 �4 + 4 λλ�1 �4 + 8 λ�1 �3 λ�1 �4 + 4 λ2 

�1 �4 + 4 λ�1 �4 λ�3 + 2 λ�1 �2 λ�21 

+8 λ�1 �4 λ�4 + 2 λ�1 �6 λ�32 + 6 λ�1 �4 Tr 
(
Yd Y

† 
d 

)
+ 2 λ�1 �4 Tr 

(
Ye Y † 

e 

)
+ 6 λ�1 �4 Tr 

(
Yu Y † 

u 

)] 

+ 1 
(16 π2 )2 

[ 
− 2433 

25 
g4 1 g

2 
2 −

547 
5 
g2 1 g

4 
2 + 24 g2 1 g

2 
2 λ + 48 g2 1 g

2 
2 λ�1 �2 + 24 

5 
g2 1 g

2 
2 λ�1 �3 + 13 323 

400 
g4 1 λ�1 �4 + 2541 

40 
g2 1 g

2 
2 λ�1 �4 

+ 541 
48 

g4 2 λ�1 �4 + 24 
5 
g2 1 λλ�1 �4 − 28 λ2 λ�1 �4 − 3 λ2 

�1 �1 λ�1 �4 − 3 λ�1 �1 λ�1 �2 λ�1 �4 + 7 
4 

λ2 
�1 �2 λ�1 �4 + 6 g2 1 λ�1 �3 λ�1 �4 

+46 g2 2 λ�1 �3 λ�1 �4 − 80 λλ�1 �3 λ�1 �4 − 29 λ2 
�1 �3 λ�1 �4 + 33 

5 
g2 1 λ

2 
�1 �4 + 23 g2 2 λ

2 
�1 �4 − 40 λλ2 

�1 �4 − 29 λ�1 �3 λ
2 
�1 �4 

− 27 
4 

λ3 
�1 �4 − 3 λ�1 �4 λ

2 
�1 �5 + 48 g2 1 g

2 
2 λ�1 �6 − 3 λ�1 �4 λ�1 �5 λ�1 �6 + 7 

4 
λ�1 �4 λ

2 
�1 �6 − 24 λ�1 �1 λ�1 �4 λ�12 

−12 λ�1 �2 λ�1 �4 λ�12 − 3 λ�1 �4 λ
2 
�12 + 24 g2 1 g

2 
2 λ�3 + 96 

5 
g2 1 λ�1 �4 λ�3 + 40 g2 2 λ�1 �4 λ�3 − 96 λ�1 �3 λ�1 �4 λ�3 − 48 λ2 

�1 �4 λ�3 

−32 λ�1 �4 λ
2 
�3 + 12 g2 1 g

2 
2 λ�21 + 48 

5 
g2 1 λ�1 �2 λ�21 + 20 g2 2 λ�1 �2 λ�21 − 8 λ�1 �1 λ�1 �2 λ�21 − 4 λ2 

�1 �2 λ�21 − 8 λ�1 �2 λ�1 �3 λ�21 

−12 λ�1 �1 λ�1 �4 λ�21 − 10 λ�1 �2 λ�1 �4 λ�21 − 8 λ�1 �2 λ�12 λ�21 − 3 λ�1 �4 λ�12 λ�21 − 4 λ�1 �2 λ
2 
�21 −

3 
4 

λ�1 �4 λ
2 
�21 

+48 g2 1 g
2 
2 λ�4 + 192 

5 
g2 1 λ�1 �4 λ�4 + 80 g2 2 λ�1 �4 λ�4 − 112 λ�1 �3 λ�1 �4 λ�4 − 56 λ2 

�1 �4 λ�4 − 88 λ�1 �4 λ�3 λ�4 − 38 λ�1 �4 λ
2 
�4 

−24 λ�1 �4 λ�1 �5 λ�23 − 12 λ�1 �4 λ�1 �6 λ�23 − 3 λ�1 �4 λ
2 
�23 + 12 g2 1 g

2 
2 λ�32 − 12 λ�1 �4 λ�1 �5 λ�32 + 48 

5 
g2 1 λ�1 �6 λ�32 

+20 g2 2 λ�1 �6 λ�32 − 8 λ�1 �3 λ�1 �6 λ�32 − 10 λ�1 �4 λ�1 �6 λ�32 − 8 λ�1 �5 λ�1 �6 λ�32 − 4 λ2 
�1 �6 λ�32 

−3 λ�1 �4 λ�23 λ�32 − 8 λ�1 �6 λ�23 λ�32 − 3 
4 

λ�1 �4 λ
2 
�32 − 4 λ�1 �6 λ

2 
�32 +

17 
4 
g2 1 λ�1 �4 Tr 

(
Yu Y † 

u 

)
+ 45 

4 
g2 2 λ�1 �4 Tr 

(
Yu Y † 

u 

)
+ 1 
20 

(
225 g2 2 λ�1 �4 − 80 λ�1 �4 

(
− 10 g2 3 + 3 λ�1 �4 + 6 λ + 6 λ�1 �3 

)
+ g2 1 

(
25 λ�1 �4 + 432 g2 2 

))
Tr 

(
Yd Y

† 
d 

)
+ 1 
20 

(
75 g2 2 λ�1 �4 − 80 λ�1 �4 

(
2 λ + 2 λ�1 �3 + λ�1 �4 

)
+ g2 1 

(
528 g2 2 + 75 λ�1 �4 

))
Tr 

(
Ye Y † 

e 

)
+ 252 

5 
g2 1 g

2 
2 Tr 

(
Yu Y † 

u 

)
+40 g2 3 λ�1 �4 Tr 

(
Yu Y † 

u 

)
− 24 λλ�1 �4 Tr 

(
Yu Y † 

u 

)
− 24 λ�1 �3 λ�1 �4 Tr 

(
Yu Y † 

u 

)
− 12 λ2 

�1 �4 Tr 
(
Yu Y † 

u 

)
− 27 

2 
λ�1 �4 Tr 

(
Yd Y

† 
d Yd Y

† 
d 

)
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+27 λ�1 �4 Tr 
(
Yd Y

† 
u Yu Y

† 
d 

)
− 9 

2 
λ�1 �4 Tr 

(
Ye Y † 

e Ye Y
† 
e 

)
− 27 

2 
λ�1 �4 Tr 

(
Yu Y † 

u Yu Y
† 
u 

)] 
. 

βλ�1 �6 = 

1 
16 π2 

[ 
+ 36 

5 
g2 1 g

2 
2 −

9 
2 
g2 1 λ�1 �6 − 33 

2 
g2 2 λ�1 �6 + 4 λλ�1 �6 + 8 λ�1 �5 λ�1 �6 + 4 λ2 

�1 �6 + 4 λ�1 �6 λ�5 + 2 λ�1 �2 λ�31 

+2 λ�1 �4 λ�32 + 8 λ�1 �6 λ�6 + 6 λ�1 �6 Tr 
(
Yd Y

† 
d 

)
+ 2 λ�1 �6 Tr 

(
Ye Y † 

e 

)
+ 6 λ�1 �6 Tr 

(
Yu Y † 

u 

)] 

+ 1 
(16 π2 )2 

[ 
− 2433 

25 
g4 1 g

2 
2 −

547 
5 
g2 1 g

4 
2 + 24 g2 1 g

2 
2 λ + 48 g2 1 g

2 
2 λ�1 �2 + 48 g2 1 g

2 
2 λ�1 �4 + 24 

5 
g2 1 g

2 
2 λ�1 �5 + 13 323 

400 
g4 1 λ�1 �6 

+ 2541 
40 

g2 1 g
2 
2 λ�1 �6 + 541 

48 
g4 2 λ�1 �6 + 24 

5 
g2 1 λλ�1 �6 − 28 λ2 λ�1 �6 − 3 λ2 

�1 �1 λ�1 �6 − 3 λ�1 �1 λ�1 �2 λ�1 �6 + 7 
4 

λ2 
�1 �2 λ�1 �6 

−3 λ2 
�1 �3 λ�1 �6 − 3 λ�1 �3 λ�1 �4 λ�1 �6 + 7 

4 
λ2 

�1 �4 λ�1 �6 + 6 g2 1 λ�1 �5 λ�1 �6 + 46 g2 2 λ�1 �5 λ�1 �6 − 80 λλ�1 �5 λ�1 �6 

−29 λ2 
�1 �5 λ�1 �6 + 33 

5 
g2 1 λ

2 
�1 �6 + 23 g2 2 λ

2 
�1 �6 − 40 λλ2 

�1 �6 − 29 λ�1 �5 λ
2 
�1 �6 −

27 
4 

λ3 
�1 �6 − 24 λ�1 �1 λ�1 �6 λ�13 

−12 λ�1 �2 λ�1 �6 λ�13 − 3 λ�1 �6 λ
2 
�13 − 24 λ�1 �3 λ�1 �6 λ�23 − 12 λ�1 �4 λ�1 �6 λ�23 − 3 λ�1 �6 λ

2 
�23 + 24 g2 1 g

2 
2 λ�5 

+ 96 
5 
g2 1 λ�1 �6 λ�5 + 40 g2 2 λ�1 �6 λ�5 − 96 λ�1 �5 λ�1 �6 λ�5 − 48 λ2 

�1 �6 λ�5 − 32 λ�1 �6 λ
2 
�5 + 12 g2 1 g

2 
2 λ�31 + 48 

5 
g2 1 λ�1 �2 λ�31 

+20 g2 2 λ�1 �2 λ�31 − 8 λ�1 �1 λ�1 �2 λ�31 − 4 λ2 
�1 �2 λ�31 − 8 λ�1 �2 λ�1 �5 λ�31 − 12 λ�1 �1 λ�1 �6 λ�31 − 10 λ�1 �2 λ�1 �6 λ�31 

−8 λ�1 �2 λ�13 λ�31 − 3 λ�1 �6 λ�13 λ�31 − 4 λ�1 �2 λ
2 
�31 −

3 
4 

λ�1 �6 λ
2 
�31 + 12 g2 1 g

2 
2 λ�32 + 48 

5 
g2 1 λ�1 �4 λ�32 

+20 g2 2 λ�1 �4 λ�32 − 8 λ�1 �3 λ�1 �4 λ�32 − 4 λ2 
�1 �4 λ�32 − 8 λ�1 �4 λ�1 �5 λ�32 − 12 λ�1 �3 λ�1 �6 λ�32 − 10 λ�1 �4 λ�1 �6 λ�32 

−3 λ�1 �6 λ�23 λ�32 − 4 λ�1 �4 λ
2 
�32 −

3 
4 

λ�1 �6 λ
2 
�32 + 48 g2 1 g

2 
2 λ�6 + 192 

5 
g2 1 λ�1 �6 λ�6 + 80 g2 2 λ�1 �6 λ�6 − 112 λ�1 �5 λ�1 �6 λ�6 

−8 λ�1 �4 λ�23 λ�32 − 56 λ2 
�1 �6 λ�6 − 88 λ�1 �6 λ�5 λ�6 − 38 λ�1 �6 λ

2 
�6 +

17 
4 
g2 1 λ�1 �6 Tr 

(
Yu Y † 

u 

)
+ 45 

4 
g2 2 λ�1 �6 Tr 

(
Yu Y † 

u 

)
+ 1 
20 

(
225 g2 2 λ�1 �6 − 80 λ�1 �6 

(
− 10 g2 3 + 3 λ�1 �6 + 6 λ + 6 λ�1 �5 

)
+ g2 1 

(
25 λ�1 �6 + 432 g2 2 

))
Tr 

(
Yd Y

† 
d 

)
+ 1 
20 

(
75 g2 2 λ�1 �6 − 80 λ�1 �6 

(
2 λ + 2 λ�1 �5 + λ�1 �6 

)
+ g2 1 

(
528 g2 2 + 75 λ�1 �6 

))
Tr 

(
Ye Y † 

e 

)
+ 252 

5 
g2 1 g

2 
2 Tr 

(
Yu Y † 

u 

)
+40 g2 3 λ�1 �6 Tr 

(
Yu Y † 

u 

)
− 24 λλ�1 �6 Tr 

(
Yu Y † 

u 

)
− 9 

2 
λ�1 �6 Tr 

(
Ye Y † 

e Ye Y
† 
e 

)
− 27 

2 
λ�1 �6 Tr 

(
Yu Y † 

u Yu Y
† 
u 

)
−24 λ�1 �5 λ�1 �6 Tr 

(
Yu Y † 

u 

)
− 12 λ2 

�1 �6 Tr 
(
Yu Y † 

u 

)
− 27 

2 
λ�1 �6 Tr 

(
Yd Y

† 
d Yd Y

† 
d 

)
+ 27 λ�1 �6 Tr 

(
Yd Y

† 
u Yu Y

† 
d 

)] 
. 

βλ�1 = 

1 
16 π2 

[ 
+ 54 

25 
g4 1 + 15 g4 2 + 2 λ2 

�1 �1 + 2 λ�1 �1 λ�1 �2 − 24 g2 2 λ�1 + 28 λ2 
�1 −

36 
5 
g2 1 

(
g2 2 + λ�1 

)
+ 24 λ�1 λ�2 + 6 λ2 

�2 + 3 λ2 
�12 

+3 λ2 
�13 + 3 λ�12 λ�21 + 1 

4 
λ2 

�21 + 3 λ�13 λ�31 + 1 
4 

λ2 
�31 

] 

+ 1 
(16 π2 )2 

[ 
− 6894 

125 
g6 1 +

1758 
25 

g4 1 g
2 
2 +

322 
5 
g2 1 g

4 
2 −

787 
3 
g6 2 +

18 
5 
g4 1 λ�1 �1 + 20 g4 2 λ�1 �1 + 12 

5 
g2 1 λ

2 
�1 �1 + 12 g2 2 λ

2 
�1 �1 − 8 λ3 

�1 �1 

+ 9 
5 
g4 1 λ�1 �2 − 6 g2 1 g

2 
2 λ�1 �2 + 10 g4 2 λ�1 �2 + 12 

5 
g2 1 λ�1 �1 λ�1 �2 + 12 g2 2 λ�1 �1 λ�1 �2 − 12 λ2 

�1 �1 λ�1 �2 + 3 g2 2 λ
2 
�1 �2 

−λ3 
�1 �2 +

2829 
25 

g4 1 λ�1 − 168 
5 
g2 1 g

2 
2 λ�1 + 914 

3 
g4 2 λ�1 − 20 λ2 

�1 �1 λ�1 − 20 λ�1 �1 λ�1 �2 λ�1 − 3 λ2 
�1 �2 λ�1 + 528 

5 
g2 1 λ

2 
�1 

+352 g2 2 λ
2 
�1 − 384 λ3 

�1 +
216 
5 
g4 1 λ�2 − 432 

5 
g2 1 g

2 
2 λ�2 + 168 g4 2 λ�2 − 4 λ2 

�1 �2 λ�2 + 576 
5 
g2 1 λ�1 λ�2 − 6 λ�1 �1 λ

2 
�1 �2 

+384 g2 2 λ�1 λ�2 − 528 λ2 
�1 λ�2 + 72 

5 
g2 1 λ

2 
�2 + 120 g2 2 λ

2 
�2 − 284 λ�1 λ

2 
�2 − 96 λ3 

�2 +
108 
5 
g4 1 λ�12 + 80 g4 2 λ�12 

+ 72 
5 
g2 1 λ

2 
�12 + 48 g2 2 λ

2 
�12 − 30 λ�1 λ

2 
�12 − 12 λ3 

�12 +
108 
5 
g4 1 λ�13 + 80 g4 2 λ�13 + 72 

5 
g2 1 λ

2 
�13 + 48 g2 2 λ

2 
�13 

−30 λ�1 λ
2 
�13 − 12 λ3 

�13 +
54 
5 
g4 1 λ�21 − 24 g2 1 g

2 
2 λ�21 + 40 g4 2 λ�21 + 72 

5 
g2 1 λ�12 λ�21 + 48 g2 2 λ�12 λ�21 − 30 λ�1 λ�12 λ�21 

−18 λ2 
�12 λ�21 + 6 

5 
g2 1 λ

2 
�21 + 7 g2 2 λ

2 
�21 −

11 
2 

λ�1 λ
2 
�21 − 4 λ�2 λ

2 
�21 − 9 λ�12 λ

2 
�21 −

3 
2 

λ3 
�21 +

54 
5 
g4 1 λ�31 
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−24 g2 1 g
2 
2 λ�31 + 40 g4 2 λ�31 + 72 

5 
g2 1 λ�13 λ�31 + 48 g2 2 λ�13 λ�31 − 30 λ�1 λ�13 λ�31 − 18 λ2 

�13 λ�31 + 6 
5 
g2 1 λ

2 
�31 

+7 g2 2 λ
2 
�31 −

11 
2 

λ�1 λ
2 
�31 − 4 λ�2 λ

2 
�31 − 9 λ�13 λ

2 
�31 −

3 
2 

λ3 
�31 − 12 λ�1 �1 

(
λ�1 �1 + λ�1 �2 

)
Tr 

(
Yd Y

† 
d 

)
−4 λ�1 �1 

(
λ�1 �1 + λ�1 �2 

)
Tr 

(
Ye Y † 

e 

)
− 12 λ2 

�1 �1 Tr 
(
Yu Y † 

u 

)
− 12 λ�1 �1 λ�1 �2 Tr 

(
Yu Y † 

u 

)] 
. 

βλ�2 = 

1 
16 π2 

[ 
18 λ2 

�2 − 24 g2 2 λ�2 + 24 λ�1 λ�2 − 6 g4 2 +
36 
5 
g2 1 

(
2 g2 2 − λ�2 

)
+ λ2 

�1 �2 + λ2 
�21 + λ2 

�31 

] 

+ 1 
(16 π2 )2 

[ 
− 5676 

25 
g4 1 g

2 
2 −

1364 
5 

g2 1 g
4 
2 +

574 
3 
g6 2 + 12 g2 1 g

2 
2 λ�1 �2 + 6 

5 
g2 1 λ

2 
�1 �2 − 8 λ�1 �1 λ

2 
�1 �2 − 4 λ3 

�1 �2 +
576 
5 
g2 1 g

2 
2 λ�1 

−48 g4 2 λ�1 − 8 λ2 
�1 �2 λ�1 + 1389 

25 
g4 1 λ�2 + 216 g2 1 g

2 
2 λ�2 + 74 

3 
g4 2 λ�2 − 20 λ2 

�1 �1 λ�2 − 20 λ�1 �1 λ�1 �2 λ�2 − 7 λ2 
�1 �2 λ�2 

+ 288 
5 
g2 1 λ�1 λ�2 + 192 g2 2 λ�1 λ�2 − 448 λ2 

�1 λ�2 + 72 g2 1 λ
2 
�2 + 144 g2 2 λ

2 
�2 − 672 λ�1 λ

2 
�2 − 228 λ3 

�2 

−30 λ�2 λ
2 
�12 − 30 λ�2 λ

2 
�13 + 48 g2 1 g

2 
2 λ�21 − 30 λ�2 λ�12 λ�21 + 24 

5 
g2 1 λ

2 
�21 + 10 g2 2 λ

2 
�21 − 8 λ�1 λ

2 
�21 −

19 
2 

λ�2 λ
2 
�21 

−8 λ�12 λ
2 
�21 − 4 λ3 

�21 + 48 g2 1 g
2 
2 λ�31 − 30 λ�2 λ�13 λ�31 + 24 

5 
g2 1 λ

2 
�31 + 10 g2 2 λ

2 
�31 − 8 λ�1 λ

2 
�31 −

19 
2 

λ�2 λ
2 
�31 

−8 λ�13 λ
2 
�31 − 4 λ3 

�31 − 6 λ2 
�1 �2 Tr 

(
Yd Y

† 
d 

)
− 2 λ2 

�1 �2 Tr 
(
Ye Y † 

e 

)
− 6 λ2 

�1 �2 Tr 
(
Yu Y † 

u 

)] 
. 

βλ�12 = 

1 
16 π2 

[ 
+ 108 

25 
g4 1 + 30 g4 2 + 4 λ�1 �1 λ�1 �3 + 2 λ�1 �2 λ�1 �3 + 2 λ�1 �1 λ�1 �4 − 24 g2 2 λ�12 + 16 λ�1 λ�12 + 12 λ�2 λ�12 + 4 λ2 

�12 

− 36 
5 
g2 1 

(
2 g2 2 + λ�12 

)
+ 16 λ�12 λ�3 + 6 λ�1 λ�21 + 2 λ�2 λ�21 + 6 λ�3 λ�21 + 3 

2 
λ2 

�21 + 12 λ�12 λ�4 + 2 λ�21 λ�4 

+6 λ�13 λ�23 + 3 λ�23 λ�31 + 3 λ�13 λ�32 + 1 
2 

λ�31 λ�32 

] 

+ 1 
(16 π2 )2 

[ 
− 13 788 

125 
g6 1 +

3516 
25 

g4 1 g
2 
2 +

644 
5 
g2 1 g

4 
2 −

1574 
3 

g6 2 +
18 
5 
g4 1 λ�1 �1 + 20 g4 2 λ�1 �1 + 9 

5 
g4 1 λ�1 �2 − 6 g2 1 g

2 
2 λ�1 �2 

+10 g4 2 λ�1 �2 + 18 
5 
g4 1 λ�1 �3 + 20 g4 2 λ�1 �3 + 24 

5 
g2 1 λ�1 �1 λ�1 �3 + 24 g2 2 λ�1 �1 λ�1 �3 − 8 λ2 

�1 �1 λ�1 �3 + 12 
5 
g2 1 λ�1 �2 λ�1 �3 

+12 g2 2 λ�1 �2 λ�1 �3 − 8 λ�1 �1 λ�1 �2 λ�1 �3 − 6 λ2 
�1 �2 λ�1 �3 − 8 λ�1 �1 λ

2 
�1 �3 − 4 λ�1 �2 λ

2 
�1 �3 +

9 
5 
g4 1 λ�1 �4 − 6 g2 1 g

2 
2 λ�1 �4 

+10 g4 2 λ�1 �4 + 12 
5 
g2 1 λ�1 �1 λ�1 �4 + 12 g2 2 λ�1 �1 λ�1 �4 − 4 λ2 

�1 �1 λ�1 �4 + 6 g2 2 λ�1 �2 λ�1 �4 − λ2 
�1 �2 λ�1 �4 

−8 λ�1 �1 λ�1 �3 λ�1 �4 − 6 λ�1 �1 λ
2 
�1 �4 − λ�1 �2 λ

2 
�1 �4 +

288 
5 
g4 1 λ�1 − 48 g2 1 g

2 
2 λ�1 + 260 g4 2 λ�1 + 216 

5 
g4 1 λ�2 − 96 g2 1 g

2 
2 λ�2 

+160 g4 2 λ�2 + 2469 
25 

g4 1 λ�12 + 72 
5 
g2 1 g

2 
2 λ�12 + 614 

3 
g4 2 λ�12 − 2 λ2 

�1 �1 λ�12 − 2 λ�1 �1 λ�1 �2 λ�12 − 3 
2 

λ2 
�1 �2 λ�12 

−16 λ�1 �1 λ�1 �3 λ�12 − 8 λ�1 �2 λ�1 �3 λ�12 − 2 λ2 
�1 �3 λ�12 − 8 λ�1 �1 λ�1 �4 λ�12 

−2 λ�1 �3 λ�1 �4 λ�12 − 3 
2 

λ2 
�1 �4 λ�12 + 384 

5 
g2 1 λ�1 λ�12 + 256 g2 2 λ�1 λ�12 − 80 λ2 

�1 λ�12 + 288 
5 
g2 1 λ�2 λ�12 + 192 g2 2 λ�2 λ�12 

−120 λ�1 λ�2 λ�12 − 70 λ2 
�2 λ�12 + 24 

5 
g2 1 λ

2 
�12 + 16 g2 2 λ

2 
�12 − 96 λ�1 λ

2 
�12 − 72 λ�2 λ

2 
�12 − 14 λ3 

�12 +
108 
5 
g4 1 λ�13 

+80 g4 2 λ�13 − 3 λ�12 λ
2 
�13 +

288 
5 
g4 1 λ�3 − 48 g2 1 g

2 
2 λ�3 + 260 g4 2 λ�3 + 384 

5 
g2 1 λ�12 λ�3 + 256 g2 2 λ�12 λ�3 

−96 λ2 
�12 λ�3 − 80 λ�12 λ

2 
�3 +

108 
5 
g4 1 λ�21 − 192 

5 
g2 1 g

2 
2 λ�21 + 88 g4 2 λ�21 − 1 

2 
λ2 

�1 �2 λ�21 − 3 λ�1 �2 λ�1 �4 λ�21 − 1 
2 

λ2 
�1 �4 λ�21 

+ 144 
5 
g2 1 λ�1 λ�21 + 108 g2 2 λ�1 λ�21 − 24 λ2 

�1 λ�21 + 48 
5 
g2 1 λ�2 λ�21 + 56 g2 2 λ�2 λ�21 − 16 λ�1 λ�2 λ�21 − 16 λ2 

�2 λ�21 

−12 g2 2 λ�12 λ�21 − 48 λ�1 λ�12 λ�21 − 16 λ�2 λ�12 λ�21 − 6 λ2 
�12 λ�21 + 144 

5 
g2 1 λ�3 λ�21 + 108 g2 2 λ�3 λ�21 − 48 λ�12 λ�3 λ�21 

−24 λ2 
�3 λ�21 + 18 g2 2 λ

2 
�21 − 23 λ�1 λ

2 
�21 − 18 λ�2 λ

2 
�21 −

25 
2 

λ�12 λ
2 
�21 − 23 λ�3 λ

2 
�21 − 5 λ3 

�21 +
216 
5 
g4 1 λ�4 

−96 g2 1 g
2 
2 λ�4 + 160 g4 2 λ�4 + 288 

5 
g2 1 λ�12 λ�4 + 192 g2 2 λ�12 λ�4 − 72 λ2 

�12 λ�4 − 120 λ�12 λ�3 λ�4 + 48 
5 
g2 1 λ�21 λ�4 
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+56 g2 2 λ�21 λ�4 − 16 λ�12 λ�21 λ�4 − 16 λ�3 λ�21 λ�4 − 18 λ2 
�21 λ�4 − 70 λ�12 λ

2 
�4 − 16 λ�21 λ

2 
�4 +

108 
5 
g4 1 λ�23 + 80 g4 2 λ�23 

+ 144 
5 
g2 1 λ�13 λ�23 + 96 g2 2 λ�13 λ�23 − 24 λ�12 λ�13 λ�23 − 12 λ2 

�13 λ�23 − 3 λ�12 λ
2 
�23 − 12 λ�13 λ

2 
�23 +

54 
5 
g4 1 λ�31 

−24 g2 1 g
2 
2 λ�31 + 40 g4 2 λ�31 − 3 λ�12 λ�13 λ�31 + 72 

5 
g2 1 λ�23 λ�31 + 48 g2 2 λ�23 λ�31 − 12 λ�12 λ�23 λ�31 − 12 λ�13 λ�23 λ�31 

−6 λ2 
�23 λ�31 − 7 

4 
λ�12 λ

2 
�31 −

1 
2 

λ�21 λ
2 
�31 − 7 λ�23 λ

2 
�31 +

54 
5 
g4 1 λ�32 − 24 g2 1 g

2 
2 λ�32 + 40 g4 2 λ�32 + 72 

5 
g2 1 λ�13 λ�32 

+48 g2 2 λ�13 λ�32 − 12 λ�12 λ�13 λ�32 − 6 λ2 
�13 λ�32 − 3 λ�12 λ�23 λ�32 − 12 λ�13 λ�23 λ�32 + 12 

5 
g2 1 λ�31 λ�32 + 14 g2 2 λ�31 λ�32 

−2 λ�12 λ�31 λ�32 − 2 λ�13 λ�31 λ�32 − 3 λ�21 λ�31 λ�32 − 2 λ�23 λ�31 λ�32 − 3 
2 

λ2 
�31 λ�32 − 7 

4 
λ�12 λ

2 
�32 − 7 λ�13 λ

2 
�32 

− 1 
2 

λ�21 λ
2 
�32 −

3 
2 

λ�31 λ
2 
�32 − 12

(
λ�1 �2 λ�1 �3 + λ�1 �1 

(
2 λ�1 �3 + λ�1 �4 

))
Tr 

(
Yd Y

† 
d 

)
− 4

(
2 λ�1 �1 λ�1 �3 + λ�1 �2 λ�1 �3 

+ λ�1 �1 λ�1 �4 

)
Tr 

(
Ye Y † 

e 

)
− 24 λ�1 �1 λ�1 �3 Tr 

(
Yu Y † 

u 

)
− 12 λ�1 �2 λ�1 �3 Tr 

(
Yu Y † 

u 

)
− 12 λ�1 �1 λ�1 �4 Tr 

(
Yu Y † 

u 

)] 
. 

βλ�21 = 

1 
16 π2 

[ 
− 12 g4 2 + 2 λ�1 �2 λ�1 �4 + 36 

5 
g2 1 

(
4 g2 2 − λ�21 

)
− 24 g2 2 λ�21 + 4 λ�1 λ�21 + 8 λ�2 λ�21 + 8 λ�12 λ�21 + 4 λ�3 λ�21 + 3 λ2 

�21 

+8 λ�21 λ�4 + 2 λ�31 λ�32 

] 

+ 1 
(16 π2 )2 

[ 
− 11 352 

25 
g4 1 g

2 
2 −

2728 
5 

g2 1 g
4 
2 +

1148 
3 

g6 2 + 12 g2 1 g
2 
2 λ�1 �2 + 12 g2 1 g

2 
2 λ�1 �4 + 12 

5 
g2 1 λ�1 �2 λ�1 �4 − 8 λ�1 �1 λ�1 �2 λ�1 �4 

−4 λ2 
�1 �2 λ�1 �4 − 8 λ�1 �2 λ�1 �3 λ�1 �4 − 4 λ�1 �2 λ

2 
�1 �4 + 96 g2 1 g

2 
2 λ�1 − 40 g4 2 λ�1 + 192 g2 1 g

2 
2 λ�2 + 96 

5 
g2 1 g

2 
2 λ�12 

−8 g4 2 λ�12 − 8 λ�1 �2 λ�1 �4 λ�12 + 96 g2 1 g
2 
2 λ�3 − 40 g4 2 λ�3 + 1389 

25 
g4 1 λ�21 + 120 g2 1 g

2 
2 λ�21 + 74 

3 
g4 2 λ�21 − 2 λ2 

�1 �1 λ�21 

−2 λ�1 �1 λ�1 �2 λ�21 − 1 
2 

λ2 
�1 �2 λ�21 − 16 λ�1 �1 λ�1 �3 λ�21 − 8 λ�1 �2 λ�1 �3 λ�21 − 2 λ2 

�1 �3 λ�21 − 8 λ�1 �1 λ�1 �4 λ�21 

−6 λ�1 �2 λ�1 �4 λ�21 − 2 λ�1 �3 λ�1 �4 λ�21 − 4 λ�31 λ
2 
�32 − 12 λ�1 �2 λ�1 �4 Tr 

(
Yd Y

† 
d 

)
− 4 λ�1 �2 λ�1 �4 Tr 

(
Ye Y † 

e 

)
− 1 
2 

λ2 
�1 �4 λ�21 + 96 

5 
g2 1 λ�1 λ�21 + 40 g2 2 λ�1 λ�21 − 32 λ2 

�1 λ�21 + 192 
5 
g2 1 λ�2 λ�21 + 80 g2 2 λ�2 λ�21 − 88 λ�1 λ�2 λ�21 

−38 λ2 
�2 λ�21 + 48 

5 
g2 1 λ�12 λ�21 + 56 g2 2 λ�12 λ�21 − 96 λ�1 λ�12 λ�21 − 112 λ�2 λ�12 λ�21 − 30 λ2 

�12 λ�21 − 3 λ2 
�13 λ�21 

+ 96 
5 
g2 1 λ�3 λ�21 + 40 g2 2 λ�3 λ�21 − 96 λ�12 λ�3 λ�21 − 32 λ2 

�3 λ�21 + 36 
5 
g2 1 λ

2 
�21 + 12 g2 2 λ

2 
�21 − 42 λ�1 λ

2 
�21 

−48 λ�2 λ
2 
�21 − 24 λ�12 λ

2 
�21 − 42 λ�3 λ

2 
�21 −

15 
2 

λ3 
�21 + 192 g2 1 g

2 
2 λ�4 + 192 

5 
g2 1 λ�21 λ�4 + 80 g2 2 λ�21 λ�4 

−112 λ�12 λ�21 λ�4 − 88 λ�3 λ�21 λ�4 − 48 λ2 
�21 λ�4 − 38 λ�21 λ

2 
�4 − 24 λ�13 λ�21 λ�23 − 3 λ�21 λ

2 
�23 + 48 g2 1 g

2 
2 λ�31 

−3 λ�13 λ�21 λ�31 − 12 λ�21 λ�23 λ�31 − 3 
4 

λ�21 λ
2 
�31 + 48 g2 1 g

2 
2 λ�32 − 12 λ�13 λ�21 λ�32 − 3 λ�21 λ�23 λ�32 + 48 

5 
g2 1 λ�31 λ�32 

+20 g2 2 λ�31 λ�32 − 8 λ�12 λ�31 λ�32 − 8 λ�13 λ�31 λ�32 − 8 λ�21 λ�31 λ�32 − 8 λ�23 λ�31 λ�32 − 4 λ2 
�31 λ�32 − 3 

4 
λ�21 λ

2 
�32 

−12 λ�1 �2 λ�1 �4 Tr 
(
Yu Y † 

u 

)] 
. 

βλ�13 = 

1 
16 π2 

[ 
+ 108 

25 
g4 1 + 30 g4 2 + 4 λ�1 �1 λ�1 �5 + 2 λ�1 �2 λ�1 �5 + 2 λ�1 �1 λ�1 �6 − 24 g2 2 λ�13 + 16 λ�1 λ�13 + 12 λ�2 λ�13 + 4 λ2 

�13 

− 36 
5 
g2 1 

(
2 g2 2 + λ�13 

)
+ 6 λ�12 λ�23 + 3 λ�21 λ�23 + 16 λ�13 λ�5 + 6 λ�1 λ�31 + 2 λ�2 λ�31 + 6 λ�5 λ�31 + 3 

2 
λ2 

�31 + 3 λ�12 λ�32 

+ 1 
2 

λ�21 λ�32 + 12 λ�13 λ�6 + 2 λ�31 λ�6 

] 

+ 1 
(16 π2 )2 

[ 
− 13 788 

125 
g6 1 +

3516 
25 

g4 1 g
2 
2 +

644 
5 
g2 1 g

4 
2 −

1574 
3 

g6 2 +
18 
5 
g4 1 λ�1 �1 + 20 g4 2 λ�1 �1 + 9 

5 
g4 1 λ�1 �2 − 6 g2 1 g

2 
2 λ�1 �2 

+10 g4 2 λ�1 �2 + 18 
5 
g4 1 λ�1 �5 + 20 g4 2 λ�1 �5 + 24 

5 
g2 1 λ�1 �1 λ�1 �5 + 24 g2 2 λ�1 �1 λ�1 �5 − 8 λ2 

�1 �1 λ�1 �5 + 12 
5 
g2 1 λ�1 �2 λ�1 �5 
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+12 g2 2 λ�1 �2 λ�1 �5 − 8 λ�1 �1 λ�1 �2 λ�1 �5 − 6 λ2 
�1 �2 λ�1 �5 − 8 λ�1 �1 λ

2 
�1 �5 − 4 λ�1 �2 λ

2 
�1 �5 +

9 
5 
g4 1 λ�1 �6 − 6 g2 1 g

2 
2 λ�1 �6 

+10 g4 2 λ�1 �6 + 12 
5 
g2 1 λ�1 �1 λ�1 �6 + 12 g2 2 λ�1 �1 λ�1 �6 − 4 λ2 

�1 �1 λ�1 �6 + 6 g2 2 λ�1 �2 λ�1 �6 − λ2 
�1 �2 λ�1 �6 

−8 λ�1 �1 λ�1 �5 λ�1 �6 − 6 λ�1 �1 λ
2 
�1 �6 − λ�1 �2 λ

2 
�1 �6 +

288 
5 
g4 1 λ�1 − 48 g2 1 g

2 
2 λ�1 + 260 g4 2 λ�1 + 216 

5 
g4 1 λ�2 − 96 g2 1 g

2 
2 λ�2 

+160 g4 2 λ�2 + 108 
5 
g4 1 λ�12 + 80 g4 2 λ�12 + 2469 

25 
g4 1 λ�13 + 72 

5 
g2 1 g

2 
2 λ�13 + 614 

3 
g4 2 λ�13 − 2 λ2 

�1 �1 λ�13 − 2 λ�1 �1 λ�1 �2 λ�13 

− 3 
2 

λ2 
�1 �2 λ�13 − 16 λ�1 �1 λ�1 �5 λ�13 − 8 λ�1 �2 λ�1 �5 λ�13 − 2 λ2 

�1 �5 λ�13 − 3 
2 

λ�21 λ
2 
�32 − 24 λ�1 �1 λ�1 �5 Tr 

(
Yu Y † 

u 

)
−8 λ�1 �1 λ�1 �6 λ�13 − 2 λ�1 �5 λ�1 �6 λ�13 − 3 

2 
λ2 

�1 �6 λ�13 + 384 
5 
g2 1 λ�1 λ�13 + 256 g2 2 λ�1 λ�13 − 80 λ2 

�1 λ�13 + 288 
5 
g2 1 λ�2 λ�13 

+192 g2 2 λ�2 λ�13 − 120 λ�1 λ�2 λ�13 − 70 λ2 
�2 λ�13 − 3 λ2 

�12 λ�13 + 24 
5 
g2 1 λ

2 
�13 + 16 g2 2 λ

2 
�13 − 96 λ�1 λ

2 
�13 − 72 λ�2 λ

2 
�13 

−14 λ3 
�13 +

54 
5 
g4 1 λ�21 − 24 g2 1 g

2 
2 λ�21 + 40 g4 2 λ�21 − 3 λ�12 λ�13 λ�21 − 7 

4 
λ�13 λ

2 
�21 +

108 
5 
g4 1 λ�23 + 80 g4 2 λ�23 

+ 144 
5 
g2 1 λ�12 λ�23 + 96 g2 2 λ�12 λ�23 − 12 λ2 

�12 λ�23 − 24 λ�12 λ�13 λ�23 + 72 
5 
g2 1 λ�21 λ�23 + 48 g2 2 λ�21 λ�23 − 12 λ�12 λ�21 λ�23 

−12 λ�13 λ�21 λ�23 − 7 λ2 
�21 λ�23 − 12 λ�12 λ

2 
�23 − 3 λ�13 λ

2 
�23 − 6 λ�21 λ

2 
�23 +

288 
5 
g4 1 λ�5 − 48 g2 1 g

2 
2 λ�5 + 260 g4 2 λ�5 

+ 384 
5 
g2 1 λ�13 λ�5 + 256 g2 2 λ�13 λ�5 − 96 λ2 

�13 λ�5 − 80 λ�13 λ
2 
�5 +

108 
5 
g4 1 λ�31 − 192 

5 
g2 1 g

2 
2 λ�31 + 88 g4 2 λ�31 

− 1 
2 

λ2 
�1 �2 λ�31 − 3 λ�1 �2 λ�1 �6 λ�31 − 1 

2 
λ2 

�1 �6 λ�31 + 144 
5 
g2 1 λ�1 λ�31 + 108 g2 2 λ�1 λ�31 − 24 λ2 

�1 λ�31 + 48 
5 
g2 1 λ�2 λ�31 

+56 g2 2 λ�2 λ�31 − 16 λ�1 λ�2 λ�31 − 16 λ2 
�2 λ�31 − 12 g2 2 λ�13 λ�31 − 48 λ�1 λ�13 λ�31 − 16 λ�2 λ�13 λ�31 − 6 λ2 

�13 λ�31 

− 1 
2 

λ2 
�21 λ�31 + 144 

5 
g2 1 λ�5 λ�31 + 108 g2 2 λ�5 λ�31 − 48 λ�13 λ�5 λ�31 − 24 λ2 

�5 λ�31 + 18 g2 2 λ
2 
�31 − 23 λ�1 λ

2 
�31 

−18 λ�2 λ
2 
�31 −

25 
2 

λ�13 λ
2 
�31 − 23 λ�5 λ

2 
�31 − 5 λ3 

�31 +
54 
5 
g4 1 λ�32 − 24 g2 1 g

2 
2 λ�32 + 40 g4 2 λ�32 + 72 

5 
g2 1 λ�12 λ�32 

+48 g2 2 λ�12 λ�32 − 6 λ2 
�12 λ�32 − 12 λ�12 λ�13 λ�32 + 12 

5 
g2 1 λ�21 λ�32 + 14 g2 2 λ�21 λ�32 − 2 λ�12 λ�21 λ�32 − 2 λ�13 λ�21 λ�32 

− 3 
2 

λ2 
�21 λ�32 − 12 λ�12 λ�23 λ�32 − 3 λ�13 λ�23 λ�32 − 2 λ�21 λ�23 λ�32 − 3 λ�21 λ�31 λ�32 − 7 λ�12 λ

2 
�32 −

7 
4 

λ�13 λ
2 
�32 

− 1 
2 

λ�31 λ
2 
�32 +

216 
5 
g4 1 λ�6 − 96 g2 1 g

2 
2 λ�6 + 160 g4 2 λ�6 + 288 

5 
g2 1 λ�13 λ�6 + 192 g2 2 λ�13 λ�6 − 72 λ2 

�13 λ�6 

−120 λ�13 λ�5 λ�6 + 48 
5 
g2 1 λ�31 λ�6 + 56 g2 2 λ�31 λ�6 − 16 λ�13 λ�31 λ�6 − 16 λ�5 λ�31 λ�6 − 18 λ2 

�31 λ�6 − 70 λ�13 λ
2 
�6 

−12
(
λ�1 �2 λ�1 �5 + λ�1 �1 

(
2 λ�1 �5 + λ�1 �6 

))
Tr 

(
Yd Y

† 
d 

)
− 4

(
2 λ�1 �1 λ�1 �5 + λ�1 �2 λ�1 �5 + λ�1 �1 λ�1 �6 

)
Tr 

(
Ye Y † 

e 

)
−16 λ�31 λ

2 
�6 − 12 λ�1 �2 λ�1 �5 Tr 

(
Yu Y † 

u 

)
− 12 λ�1 �1 λ�1 �6 Tr 

(
Yu Y † 

u 

)] 
. 

βλ�31 = 

1 
16 π2 

[ 
− 12 g4 2 + 2 λ�1 �2 λ�1 �6 + 36 

5 
g2 1 

(
4 g2 2 − λ�31 

)
− 24 g2 2 λ�31 + 4 λ�1 λ�31 + 8 λ�2 λ�31 + 8 λ�13 λ�31 + 4 λ�5 λ�31 

+3 λ2 
�31 + 2 λ�21 λ�32 + 8 λ�31 λ�6 

] 

+ 1 
(16 π2 )2 

[ 
− 11 352 

25 
g4 1 g

2 
2 −

2728 
5 

g2 1 g
4 
2 +

1148 
3 

g6 2 + 12 g2 1 g
2 
2 λ�1 �2 + 12 g2 1 g

2 
2 λ�1 �6 + 12 

5 
g2 1 λ�1 �2 λ�1 �6 − 8 λ�1 �1 λ�1 �2 λ�1 �6 

−4 λ2 
�1 �2 λ�1 �6 − 8 λ�1 �2 λ�1 �5 λ�1 �6 − 4 λ�1 �2 λ

2 
�1 �6 + 96 g2 1 g

2 
2 λ�1 − 40 g4 2 λ�1 + 192 g2 1 g

2 
2 λ�2 + 96 

5 
g2 1 g

2 
2 λ�13 

−8 g4 2 λ�13 − 8 λ�1 �2 λ�1 �6 λ�13 + 48 g2 1 g
2 
2 λ�21 + 96 g2 1 g

2 
2 λ�5 − 40 g4 2 λ�5 + 1389 

25 
g4 1 λ�31 + 120 g2 1 g

2 
2 λ�31 + 74 

3 
g4 2 λ�31 

−2 λ2 
�1 �1 λ�31 − 2 λ�1 �1 λ�1 �2 λ�31 − 1 

2 
λ2 

�1 �2 λ�31 − 16 λ�1 �1 λ�1 �5 λ�31 − 8 λ�1 �2 λ�1 �5 λ�31 − 2 λ2 
�1 �5 λ�31 

−6 λ�1 �2 λ�1 �6 λ�31 − 2 λ�1 �5 λ�1 �6 λ�31 − 1 
2 

λ2 
�1 �6 λ�31 + 96 

5 
g2 1 λ�1 λ�31 + 40 g2 2 λ�1 λ�31 − 32 λ2 

�1 λ�31 + 192 
5 
g2 1 λ�2 λ�31 

+80 g2 2 λ�2 λ�31 − 88 λ�1 λ�2 λ�31 − 38 λ2 
�2 λ�31 − 3 λ2 

�12 λ�31 + 48 
5 
g2 1 λ�13 λ�31 + 56 g2 2 λ�13 λ�31 − 96 λ�1 λ�13 λ�31 
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−112 λ�2 λ�13 λ�31 − 30 λ2 
�13 λ�31 − 3 λ�12 λ�21 λ�31 − 3 

4 
λ2 

�21 λ�31 − 24 λ�12 λ�23 λ�31 − 12 λ�21 λ�23 λ�31 − 3 λ2 
�23 λ�31 

+ 96 
5 
g2 1 λ�5 λ�31 + 40 g2 2 λ�5 λ�31 − 96 λ�13 λ�5 λ�31 − 32 λ2 

�5 λ�31 + 36 
5 
g2 1 λ

2 
�31 + 12 g2 2 λ

2 
�31 − 42 λ�1 λ

2 
�31 − 8 λ�1 �1 λ�1 �6 λ�31 

−48 λ�2 λ
2 
�31 − 24 λ�13 λ

2 
�31 − 42 λ�5 λ

2 
�31 −

15 
2 

λ3 
�31 + 48 g2 1 g

2 
2 λ�32 + 48 

5 
g2 1 λ�21 λ�32 + 20 g2 2 λ�21 λ�32 − 8 λ�12 λ�21 λ�32 

−8 λ�13 λ�21 λ�32 − 4 λ2 
�21 λ�32 − 8 λ�21 λ�23 λ�32 − 12 λ�12 λ�31 λ�32 − 8 λ�21 λ�31 λ�32 − 3 λ�23 λ�31 λ�32 − 4 λ�21 λ

2 
�32 

+192 g2 1 g
2 
2 λ�6 + 192 

5 
g2 1 λ�31 λ�6 + 80 g2 2 λ�31 λ�6 − 112 λ�13 λ�31 λ�6 − 88 λ�5 λ�31 λ�6 − 48 λ2 

�31 λ�6 − 38 λ�31 λ
2 
�6 

− 3 
4 

λ�31 λ
2 
�32 − 12 λ�1 �2 λ�1 �6 Tr 

(
Yd Y

† 
d 

)
− 4 λ�1 �2 λ�1 �6 Tr 

(
Ye Y † 

e 

)
− 12 λ�1 �2 λ�1 �6 Tr 

(
Yu Y † 

u 

)] 
. 

βλ�3 = 

1 
16 π2 

[ 
+ 54 

25 
g4 1 + 15 g4 2 + 2 λ2 

�1 �3 + 2 λ�1 �3 λ�1 �4 + 3 λ2 
�12 − 24 g2 2 λ�3 + 28 λ2 

�3 −
36 
5 
g2 1 

(
g2 2 + λ�3 

)
+ 3 λ�12 λ�21 + 1 

4 
λ2 

�21 

+24 λ�3 λ�4 + 6 λ2 
�4 + 3 λ2 

�23 + 3 λ�23 λ�32 + 1 
4 

λ2 
�32 

] 

+ 1 
(16 π2 )2 

[ 
− 6894 

125 
g6 1 +

1758 
25 

g4 1 g
2 
2 +

322 
5 
g2 1 g

4 
2 −

787 
3 
g6 2 +

18 
5 
g4 1 λ�1 �3 + 20 g4 2 λ�1 �3 + 12 

5 
g2 1 λ

2 
�1 �3 + 12 g2 2 λ

2 
�1 �3 − 8 λ3 

�1 �3 

+ 9 
5 
g4 1 λ�1 �4 − 6 g2 1 g

2 
2 λ�1 �4 + 10 g4 2 λ�1 �4 + 12 

5 
g2 1 λ�1 �3 λ�1 �4 + 12 g2 2 λ�1 �3 λ�1 �4 − 12 λ2 

�1 �3 λ�1 �4 + 3 g2 2 λ
2 
�1 �4 

−λ3 
�1 �4 +

108 
5 
g4 1 λ�12 + 80 g4 2 λ�12 + 72 

5 
g2 1 λ

2 
�12 + 48 g2 2 λ

2 
�12 − 12 λ3 

�12 +
2829 
25 

g4 1 λ�3 − 168 
5 
g2 1 g

2 
2 λ�3 + 914 

3 
g4 2 λ�3 

−20 λ2 
�1 �3 λ�3 − 20 λ�1 �3 λ�1 �4 λ�3 − 3 λ2 

�1 �4 λ�3 − 30 λ2 
�12 λ�3 + 528 

5 
g2 1 λ

2 
�3 + 352 g2 2 λ

2 
�3 − 384 λ3 

�3 +
54 
5 
g4 1 λ�21 

−24 g2 1 g
2 
2 λ�21 + 40 g4 2 λ�21 + 72 

5 
g2 1 λ�12 λ�21 + 48 g2 2 λ�12 λ�21 − 18 λ2 

�12 λ�21 − 30 λ�12 λ�3 λ�21 + 6 
5 
g2 1 λ

2 
�21 

+7 g2 2 λ
2 
�21 − 9 λ�12 λ

2 
�21 −

11 
2 

λ�3 λ
2 
�21 −

3 
2 

λ3 
�21 +

216 
5 
g4 1 λ�4 − 432 

5 
g2 1 g

2 
2 λ�4 + 168 g4 2 λ�4 − 4 λ2 

�1 �4 λ�4 − 6 λ�1 �3 λ
2 
�1 �4 

+ 576 
5 
g2 1 λ�3 λ�4 + 384 g2 2 λ�3 λ�4 − 528 λ2 

�3 λ�4 − 4 λ2 
�21 λ�4 + 72 

5 
g2 1 λ

2 
�4 + 120 g2 2 λ

2 
�4 − 284 λ�3 λ

2 
�4 − 96 λ3 

�4 

+ 108 
5 
g4 1 λ�23 + 80 g4 2 λ�23 + 72 

5 
g2 1 λ

2 
�23 + 48 g2 2 λ

2 
�23 − 30 λ�3 λ

2 
�23 − 12 λ3 

�23 +
54 
5 
g4 1 λ�32 − 24 g2 1 g

2 
2 λ�32 

+40 g4 2 λ�32 + 72 
5 
g2 1 λ�23 λ�32 + 48 g2 2 λ�23 λ�32 − 30 λ�3 λ�23 λ�32 − 18 λ2 

�23 λ�32 + 6 
5 
g2 1 λ

2 
�32 + 7 g2 2 λ

2 
�32 −

11 
2 

λ�3 λ
2 
�32 

−4 λ�4 λ
2 
�32 − 9 λ�23 λ

2 
�32 −

3 
2 

λ3 
�32 − 12 λ�1 �3 

(
λ�1 �3 + λ�1 �4 

)
Tr 

(
Yd Y

† 
d 

)
− 4 λ�1 �3 

(
λ�1 �3 + λ�1 �4 

)
Tr 

(
Ye Y † 

e 

)
−12 λ2 

�1 �3 Tr 
(
Yu Y † 

u 

)
− 12 λ�1 �3 λ�1 �4 Tr 

(
Yu Y † 

u 

)] 
. 

βλ�4 = 

1 
16 π2 

[ 
18 λ2 

�4 − 24 g2 2 λ�4 + 24 λ�3 λ�4 − 6 g4 2 +
36 
5 
g2 1 

(
2 g2 2 − λ�4 

)
+ λ2 

�1 �4 + λ2 
�21 + λ2 

�32 

] 

+ 1 
(16 π2 )2 

[ 
− 5676 

25 
g4 1 g

2 
2 −

1364 
5 

g2 1 g
4 
2 +

574 
3 
g6 2 + 12 g2 1 g

2 
2 λ�1 �4 + 6 

5 
g2 1 λ

2 
�1 �4 − 8 λ�1 �3 λ

2 
�1 �4 − 4 λ3 

�1 �4 +
576 
5 
g2 1 g

2 
2 λ�3 

−48 g4 2 λ�3 − 8 λ2 
�1 �4 λ�3 + 48 g2 1 g

2 
2 λ�21 + 24 

5 
g2 1 λ

2 
�21 + 10 g2 2 λ

2 
�21 − 8 λ�12 λ

2 
�21 − 8 λ�3 λ

2 
�21 − 4 λ3 

�21 

+ 1389 
25 

g4 1 λ�4 + 216 g2 1 g
2 
2 λ�4 + 74 

3 
g4 2 λ�4 − 20 λ2 

�1 �3 λ�4 − 20 λ�1 �3 λ�1 �4 λ�4 − 7 λ2 
�1 �4 λ�4 − 30 λ2 

�12 λ�4 + 288 
5 
g2 1 λ�3 λ�4 

+192 g2 2 λ�3 λ�4 − 448 λ2 
�3 λ�4 − 30 λ�12 λ�21 λ�4 − 19 

2 
λ2 

�21 λ�4 + 72 g2 1 λ
2 
�4 + 144 g2 2 λ

2 
�4 − 672 λ�3 λ

2 
�4 − 228 λ3 

�4 

−30 λ�4 λ
2 
�23 + 48 g2 1 g

2 
2 λ�32 − 30 λ�4 λ�23 λ�32 + 24 

5 
g2 1 λ

2 
�32 + 10 g2 2 λ

2 
�32 − 8 λ�3 λ

2 
�32 −

19 
2 

λ�4 λ
2 
�32 − 8 λ�23 λ

2 
�32 

−4 λ3 
�32 − 6 λ2 

�1 �4 Tr 
(
Yd Y

† 
d 

)
− 2 λ2 

�1 �4 Tr 
(
Ye Y † 

e 

)
− 6 λ2 

�1 �4 Tr 
(
Yu Y † 

u 

)] 
. 

βλ�23 = 

1 
16 π2 

[ 
+ 108 

25 
g4 1 + 30 g4 2 + 4 λ�1 �3 λ�1 �5 + 2 λ�1 �4 λ�1 �5 + 2 λ�1 �3 λ�1 �6 + 6 λ�12 λ�13 + 3 λ�13 λ�21 − 24 g2 2 λ�23 
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+16 λ�3 λ�23 + 12 λ�4 λ�23 + 4 λ2 
�23 −

36 
5 
g2 1 

(
2 g2 2 + λ�23 

)
+ 16 λ�23 λ�5 + 3 λ�12 λ�31 + 1 

2 
λ�21 λ�31 + 6 λ�3 λ�32 

+2 λ�4 λ�32 + 6 λ�5 λ�32 + 3 
2 

λ2 
�32 + 12 λ�23 λ�6 + 2 λ�32 λ�6 

] 

+ 1 
(16 π2 )2 

[ 
− 13 788 

125 
g6 1 +

3516 
25 

g4 1 g
2 
2 +

644 
5 
g2 1 g

4 
2 −

1574 
3 

g6 2 +
18 
5 
g4 1 λ�1 �3 + 20 g4 2 λ�1 �3 + 9 

5 
g4 1 λ�1 �4 − 6 g2 1 g

2 
2 λ�1 �4 

+10 g4 2 λ�1 �4 + 18 
5 
g4 1 λ�1 �5 + 20 g4 2 λ�1 �5 + 24 

5 
g2 1 λ�1 �3 λ�1 �5 + 24 g2 2 λ�1 �3 λ�1 �5 − 8 λ2 

�1 �3 λ�1 �5 + 12 
5 
g2 1 λ�1 �4 λ�1 �5 

+12 g2 2 λ�1 �4 λ�1 �5 − 8 λ�1 �3 λ�1 �4 λ�1 �5 − 6 λ2 
�1 �4 λ�1 �5 − 8 λ�1 �3 λ

2 
�1 �5 − 4 λ�1 �4 λ

2 
�1 �5 +

9 
5 
g4 1 λ�1 �6 − 6 g2 1 g

2 
2 λ�1 �6 

+10 g4 2 λ�1 �6 + 12 
5 
g2 1 λ�1 �3 λ�1 �6 + 12 g2 2 λ�1 �3 λ�1 �6 − 4 λ2 

�1 �3 λ�1 �6 + 6 g2 2 λ�1 �4 λ�1 �6 − λ2 
�1 �4 λ�1 �6 

−8 λ�1 �3 λ�1 �5 λ�1 �6 − 6 λ�1 �3 λ
2 
�1 �6 − λ�1 �4 λ

2 
�1 �6 +

108 
5 
g4 1 λ�12 − 2 λ2 

�1 �5 λ�23 + 256 g2 2 λ�3 λ�23 

+80 g4 2 λ�12 + 108 
5 
g4 1 λ�13 + 80 g4 2 λ�13 + 144 

5 
g2 1 λ�12 λ�13 + 96 g2 2 λ�12 λ�13 − 12 λ2 

�12 λ�13 − 12 λ�12 λ
2 
�13 +

288 
5 
g4 1 λ�3 

−48 g2 1 g
2 
2 λ�3 + 260 g4 2 λ�3 + 54 

5 
g4 1 λ�21 − 24 g2 1 g

2 
2 λ�21 + 40 g4 2 λ�21 + 72 

5 
g2 1 λ�13 λ�21 + 48 g2 2 λ�13 λ�21 

−12 λ�12 λ�13 λ�21 − 6 λ2 
�13 λ�21 − 7 λ�13 λ

2 
�21 +

216 
5 
g4 1 λ�4 − 96 g2 1 g

2 
2 λ�4 + 160 g4 2 λ�4 + 2469 

25 
g4 1 λ�23 

+ 72 
5 
g2 1 g

2 
2 λ�23 + 614 

3 
g4 2 λ�23 − 2 λ2 

�1 �3 λ�23 − 2 λ�1 �3 λ�1 �4 λ�23 − 3 
2 

λ2 
�1 �4 λ�23 − 16 λ�1 �3 λ�1 �5 λ�23 − 8 λ�1 �4 λ�1 �5 λ�23 

−8 λ�1 �3 λ�1 �6 λ�23 − 2 λ�1 �5 λ�1 �6 λ�23 − 3 
2 

λ2 
�1 �6 λ�23 − 3 λ2 

�12 λ�23 − 24 λ�12 λ�13 λ�23 − 3 λ2 
�13 λ�23 + 384 

5 
g2 1 λ�3 λ�23 

−80 λ2 
�3 λ�23 − 3 λ�12 λ�21 λ�23 − 12 λ�13 λ�21 λ�23 − 7 

4 
λ2 

�21 λ�23 + 288 
5 
g2 1 λ�4 λ�23 + 192 g2 2 λ�4 λ�23 − 120 λ�3 λ�4 λ�23 

−70 λ2 
�4 λ�23 + 24 

5 
g2 1 λ

2 
�23 + 16 g2 2 λ

2 
�23 − 96 λ�3 λ

2 
�23 − 72 λ�4 λ

2 
�23 − 14 λ3 

�23 +
288 
5 
g4 1 λ�5 − 48 g2 1 g

2 
2 λ�5 − 3 

2 
λ�21 λ

2 
�31 

+260 g4 2 λ�5 + 384 
5 
g2 1 λ�23 λ�5 + 256 g2 2 λ�23 λ�5 − 96 λ2 

�23 λ�5 − 80 λ�23 λ
2 
�5 +

54 
5 
g4 1 λ�31 − 24 g2 1 g

2 
2 λ�31 + 144 

5 
g2 1 λ�3 λ�32 

+40 g4 2 λ�31 + 72 
5 
g2 1 λ�12 λ�31 + 48 g2 2 λ�12 λ�31 − 6 λ2 

�12 λ�31 − 12 λ�12 λ�13 λ�31 + 12 
5 
g2 1 λ�21 λ�31 + 14 g2 2 λ�21 λ�31 

−2 λ�12 λ�21 λ�31 − 2 λ�13 λ�21 λ�31 − 3 
2 

λ2 
�21 λ�31 − 12 λ�12 λ�23 λ�31 − 3 λ�13 λ�23 λ�31 − 2 λ�21 λ�23 λ�31 − 7 λ�12 λ

2 
�31 

− 7 
4 

λ�23 λ
2 
�31 +

108 
5 
g4 1 λ�32 − 192 

5 
g2 1 g

2 
2 λ�32 + 88 g4 2 λ�32 − 1 

2 
λ2 

�1 �4 λ�32 − 3 λ�1 �4 λ�1 �6 λ�32 − 1 
2 

λ2 
�1 �6 λ�32 

+108 g2 2 λ�3 λ�32 − 24 λ2 
�3 λ�32 − 1 

2 
λ2 

�21 λ�32 + 48 
5 
g2 1 λ�4 λ�32 + 56 g2 2 λ�4 λ�32 − 16 λ�3 λ�4 λ�32 − 16 λ2 

�4 λ�32 

−12 g2 2 λ�23 λ�32 − 48 λ�3 λ�23 λ�32 − 16 λ�4 λ�23 λ�32 − 6 λ2 
�23 λ�32 + 144 

5 
g2 1 λ�5 λ�32 + 108 g2 2 λ�5 λ�32 − 48 λ�23 λ�5 λ�32 

−24 λ2 
�5 λ�32 − 3 λ�21 λ�31 λ�32 − 1 

2 
λ2 

�31 λ�32 + 18 g2 2 λ
2 
�32 − 23 λ�3 λ

2 
�32 − 18 λ�4 λ

2 
�32 −

25 
2 

λ�23 λ
2 
�32 − 23 λ�5 λ

2 
�32 

−5 λ3 
�32 +

216 
5 
g4 1 λ�6 − 96 g2 1 g

2 
2 λ�6 + 160 g4 2 λ�6 + 288 

5 
g2 1 λ�23 λ�6 + 192 g2 2 λ�23 λ�6 − 72 λ2 

�23 λ�6 − 16 λ�32 λ
2 
�6 

−120 λ�23 λ�5 λ�6 + 48 
5 
g2 1 λ�32 λ�6 + 56 g2 2 λ�32 λ�6 − 16 λ�23 λ�32 λ�6 − 16 λ�5 λ�32 λ�6 − 18 λ2 

�32 λ�6 − 70 λ�23 λ
2 
�6 

−12
(
λ�1 �4 λ�1 �5 + λ�1 �3 

(
2 λ�1 �5 + λ�1 �6 

))
Tr 

(
Yd Y

† 
d 

)
− 4

(
2 λ�1 �3 λ�1 �5 + λ�1 �4 λ�1 �5 + λ�1 �3 λ�1 �6 

)
Tr 

(
Ye Y † 

e 

)
−24 λ�1 �3 λ�1 �5 Tr 

(
Yu Y † 

u 

)
− 12 λ�1 �4 λ�1 �5 Tr 

(
Yu Y † 

u 

)
− 12 λ�1 �3 λ�1 �6 Tr 

(
Yu Y † 

u 

)] 
. 

βλ�32 = 

1 
16 π2 

[ 
− 12 g4 2 + 2 λ�1 �4 λ�1 �6 + 2 λ�21 λ�31 + 36 

5 
g2 1 

(
4 g2 2 − λ�32 

)
− 24 g2 2 λ�32 + 4 λ�3 λ�32 + 8 λ�4 λ�32 + 8 λ�23 λ�32 

+4 λ�5 λ�32 + 3 λ2 
�32 + 8 λ�32 λ�6 

] 

+ 1 
(16 π2 )2 

[ 
− 11 352 

25 
g4 1 g

2 
2 −

2728 
5 

g2 1 g
4 
2 +

1148 
3 

g6 2 + 12 g2 1 g
2 
2 λ�1 �4 + 12 g2 1 g

2 
2 λ�1 �6 + 12 

5 
g2 1 λ�1 �4 λ�1 �6 − 8 λ�1 �3 λ�1 �4 λ�1 �6 
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−4 λ2 
�1 �4 λ�1 �6 − 8 λ�1 �4 λ�1 �5 λ�1 �6 − 4 λ�1 �4 λ

2 
�1 �6 + 96 g2 1 g

2 
2 λ�3 − 40 g4 2 λ�3 + 48 g2 1 g

2 
2 λ�21 + 192 g2 1 g

2 
2 λ�4 

+ 96 
5 
g2 1 g

2 
2 λ�23 − 8 g4 2 λ�23 − 8 λ�1 �4 λ�1 �6 λ�23 + 96 g2 1 g

2 
2 λ�5 − 40 g4 2 λ�5 + 48 g2 1 g

2 
2 λ�31 + 48 

5 
g2 1 λ�21 λ�31 − 2 λ2 

�1 �5 λ�32 

+20 g2 2 λ�21 λ�31 − 8 λ�12 λ�21 λ�31 − 8 λ�13 λ�21 λ�31 − 4 λ2 
�21 λ�31 − 8 λ�21 λ�23 λ�31 − 4 λ�21 λ

2 
�31 +

1389 
25 

g4 1 λ�32 

+120 g2 1 g
2 
2 λ�32 + 74 

3 
g4 2 λ�32 − 2 λ2 

�1 �3 λ�32 − 2 λ�1 �3 λ�1 �4 λ�32 − 1 
2 

λ2 
�1 �4 λ�32 − 16 λ�1 �3 λ�1 �5 λ�32 − 8 λ�1 �4 λ�1 �5 λ�32 

−8 λ�1 �3 λ�1 �6 λ�32 − 6 λ�1 �4 λ�1 �6 λ�32 − 2 λ�1 �5 λ�1 �6 λ�32 − 1 
2 

λ2 
�1 �6 λ�32 − 3 λ2 

�12 λ�32 − 24 λ�12 λ�13 λ�32 

+40 g2 2 λ�3 λ�32 − 32 λ2 
�3 λ�32 − 3 λ�12 λ�21 λ�32 − 12 λ�13 λ�21 λ�32 − 3 

4 
λ2 

�21 λ�32 + 192 
5 
g2 1 λ�4 λ�32 + 80 g2 2 λ�4 λ�32 

−88 λ�3 λ�4 λ�32 − 38 λ2 
�4 λ�32 + 48 

5 
g2 1 λ�23 λ�32 + 56 g2 2 λ�23 λ�32 − 96 λ�3 λ�23 λ�32 − 112 λ�4 λ�23 λ�32 − 30 λ2 

�23 λ�32 

+ 96 
5 
g2 1 λ�5 λ�32 + 40 g2 2 λ�5 λ�32 − 96 λ�23 λ�5 λ�32 − 32 λ2 

�5 λ�32 − 12 λ�12 λ�31 λ�32 − 3 λ�13 λ�31 λ�32 − 8 λ�21 λ�31 λ�32 

− 3 
4 

λ2 
�31 λ�32 + 36 

5 
g2 1 λ

2 
�32 + 12 g2 2 λ

2 
�32 − 42 λ�3 λ

2 
�32 − 48 λ�4 λ

2 
�32 − 24 λ�23 λ

2 
�32 − 42 λ�5 λ

2 
�32 −

15 
2 

λ3 
�32 

+192 g2 1 g
2 
2 λ�6 + 192 

5 
g2 1 λ�32 λ�6 + 80 g2 2 λ�32 λ�6 − 112 λ�23 λ�32 λ�6 − 88 λ�5 λ�32 λ�6 − 48 λ2 

�32 λ�6 − 38 λ�32 λ
2 
�6 

−3 λ2 
�13 λ�32 + 96 

5 
g2 1 λ�3 λ�32 − 12 λ�1 �4 λ�1 �6 Tr 

(
Yd Y

† 
d 

)
− 4 λ�1 �4 λ�1 �6 Tr 

(
Ye Y † 

e 

)
− 12 λ�1 �4 λ�1 �6 Tr 

(
Yu Y † 

u 

)] 
. 

βλ�5 = 

1 
16 π2 

[ 
+ 54 

25 
g4 1 + 15 g4 2 + 2 λ2 

�1 �5 + 2 λ�1 �5 λ�1 �6 + 3 λ2 
�13 + 3 λ2 

�23 − 24 g2 2 λ�5 + 28 λ2 
�5 −

36 
5 
g2 1 

(
g2 2 + λ�5 

)
+ 3 λ�13 λ�31 

+ 1 
4 

λ2 
�31 + 3 λ�23 λ�32 + 1 

4 
λ2 

�32 + 24 λ�5 λ�6 + 6 λ2 
�6 

] 

+ 1 
(16 π2 )2 

[ 
− 6894 

125 
g6 1 +

1758 
25 

g4 1 g
2 
2 +

322 
5 
g2 1 g

4 
2 −

787 
3 
g6 2 +

18 
5 
g4 1 λ�1 �5 + 20 g4 2 λ�1 �5 + 12 

5 
g2 1 λ

2 
�1 �5 + 12 g2 2 λ

2 
�1 �5 − 8 λ3 

�1 �5 

+ 9 
5 
g4 1 λ�1 �6 − 6 g2 1 g

2 
2 λ�1 �6 + 10 g4 2 λ�1 �6 + 12 

5 
g2 1 λ�1 �5 λ�1 �6 + 12 g2 2 λ�1 �5 λ�1 �6 − 12 λ2 

�1 �5 λ�1 �6 + 3 g2 2 λ
2 
�1 �6 

−λ3 
�1 �6 +

108 
5 
g4 1 λ�13 + 80 g4 2 λ�13 + 72 

5 
g2 1 λ

2 
�13 + 48 g2 2 λ

2 
�13 − 12 λ3 

�13 +
108 
5 
g4 1 λ�23 + 80 g4 2 λ�23 + 72 

5 
g2 1 λ

2 
�23 

+48 g2 2 λ
2 
�23 − 12 λ3 

�23 +
2829 
25 

g4 1 λ�5 − 168 
5 
g2 1 g

2 
2 λ�5 + 914 

3 
g4 2 λ�5 − 20 λ2 

�1 �5 λ�5 − 20 λ�1 �5 λ�1 �6 λ�5 − 3 λ2 
�1 �6 λ�5 

−30 λ2 
�13 λ�5 − 30 λ2 

�23 λ�5 + 528 
5 
g2 1 λ

2 
�5 + 352 g2 2 λ

2 
�5 − 384 λ3 

�5 +
54 
5 
g4 1 λ�31 − 24 g2 1 g

2 
2 λ�31 + 40 g4 2 λ�31 − 6 λ�1 �5 λ

2 
�1 �6 

+ 72 
5 
g2 1 λ�13 λ�31 + 48 g2 2 λ�13 λ�31 − 18 λ2 

�13 λ�31 − 30 λ�13 λ�5 λ�31 + 6 
5 
g2 1 λ

2 
�31 + 7 g2 2 λ

2 
�31 − 9 λ�13 λ

2 
�31 −

11 
2 

λ�5 λ
2 
�31 

− 3 
2 

λ3 
�31 +

54 
5 
g4 1 λ�32 − 24 g2 1 g

2 
2 λ�32 + 40 g4 2 λ�32 + 72 

5 
g2 1 λ�23 λ�32 + 48 g2 2 λ�23 λ�32 − 18 λ2 

�23 λ�32 − 30 λ�23 λ�5 λ�32 

+ 6 
5 
g2 1 λ

2 
�32 + 7 g2 2 λ

2 
�32 − 9 λ�23 λ

2 
�32 −

11 
2 

λ�5 λ
2 
�32 −

3 
2 

λ3 
�32 +

216 
5 
g4 1 λ�6 − 432 

5 
g2 1 g

2 
2 λ�6 + 168 g4 2 λ�6 

−4 λ2 
�1 �6 λ�6 + 576 

5 
g2 1 λ�5 λ�6 + 384 g2 2 λ�5 λ�6 − 528 λ2 

�5 λ�6 − 4 λ2 
�31 λ�6 − 4 λ2 

�32 λ�6 + 72 
5 
g2 1 λ

2 
�6 + 120 g2 2 λ

2 
�6 

−284 λ�5 λ
2 
�6 − 96 λ3 

�6 − 12 λ�1 �5 

(
λ�1 �5 + λ�1 �6 

)
Tr 

(
Yd Y

† 
d 

)
− 4 λ�1 �5 

(
λ�1 �5 + λ�1 �6 

)
Tr 

(
Ye Y † 

e 

)
− 12 λ2 

�1 �5 Tr 
(
Yu Y † 

u 

)
−12 λ�1 �5 λ�1 �6 Tr 

(
Yu Y † 

u 

)] 
. 

βλ�6 = 

1 
16 π2 

[ 
18 λ2 

�6 − 24 g2 2 λ�6 + 24 λ�5 λ�6 − 6 g4 2 +
36 
5 
g2 1 

(
2 g2 2 − λ�6 

)
+ λ2 

�1 �6 + λ2 
�31 + λ2 

�32 

] 

+ 1 
(16 π2 )2 

[ 
− 5676 

25 
g4 1 g

2 
2 −

1364 
5 

g2 1 g
4 
2 +

574 
3 
g6 2 + 12 g2 1 g

2 
2 λ�1 �6 + 6 

5 
g2 1 λ

2 
�1 �6 − 8 λ�1 �5 λ

2 
�1 �6 − 4 λ3 

�1 �6 +
576 
5 
g2 1 g

2 
2 λ�5 

−48 g4 2 λ�5 − 8 λ2 
�1 �6 λ�5 + 48 g2 1 g

2 
2 λ�31 + 24 

5 
g2 1 λ

2 
�31 + 10 g2 2 λ

2 
�31 − 8 λ�13 λ

2 
�31 − 8 λ�5 λ

2 
�31 − 4 λ3 

�31 

+48 g2 1 g
2 
2 λ�32 + 24 

5 
g2 1 λ

2 
�32 + 10 g2 2 λ

2 
�32 − 8 λ�23 λ

2 
�32 − 8 λ�5 λ

2 
�32 − 4 λ3 

�32 +
1389 
25 

g4 1 λ�6 + 216 g2 1 g
2 
2 λ�6 
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+ 74 
3 
g4 2 λ�6 − 20 λ2 �1 �5 λ�6 − 20 λ�1 �5 λ�1 �6 λ�6 − 7 λ2 �1 �6 λ�6 − 30 λ2 �13 λ�6 − 30 λ2 �23 λ�6 +

288 
5 
g2 1 λ�5 λ�6 + 192 g2 2 λ�5 λ�6 

−448 λ2 �5 λ�6 − 30 λ�13 λ�31 λ�6 −
19 
2 

λ2 �31 λ�6 − 30 λ�23 λ�32 λ�6 −
19 
2 

λ2 �32 λ�6 + 72 g2 1 λ
2 
�6 + 144 g2 2 λ

2 
�6 − 672 λ�5 λ

2 
�6 

−228 λ3 �6 − 6 λ2 �1 �6 Tr 
(
Yd Y

† 
d 

)
− 2 λ2 �1 �6 Tr 

(
Ye Y † 

e 

)
− 6 λ2 �1 �6 Tr 

(
Yu Y † 

u 

)] 

. 

References 
[1] S. Chatrchyan et al. Phys. Lett. B 716 , 30 (2012) [ arXiv:1207.7235 ] [ Search inSPIRE ]. 
[2] G. Aad et al. Phys. Lett. B 716 , 1 (2012) [ arXiv:1207.7214 ] [ Search inSPIRE ]. 
[3] Z. Xing, Phys. Rept. 854 , 1 (2020) [ arXiv:1909.09610 ] [ Search inSPIRE ]. 
[4] A. Biswas, S. Choubey, and S. Khan, J. High Energy Phys. 1609 , 147 (2016) [ arXiv:1608.04194 ]

[ Search inSPIRE ]. 
[5] H. Banerjee, P. Byakti, and S. Roy, Phys. Rev. D 98 , 075022 (2018) [ arXiv:1805.04415 ] [ Search in

SPIRE ]. 
[6] E. Ma, D. P. Roy, and S. Roy, Phys. Lett. B 525 , 101 (2002) [ arXiv:hep-ph/0110146 ] [ Search inSP

IRE ]. 
[7] E. J. Chun, K. Y. Lee, and S. C. Park, Phys. Lett. B 566 , 142 (2003) [ arXiv:hep-ph/0304069 ] [ Sear

ch inSPIRE ]. 
[8] A. Biswas and A. Shaw, J. Cosmol. Astropart. Phys. 1802 , 029 (2018); 1907 , E01 (2019) [erra-

tum][ arXiv:1709.01099 ] [ Search inSPIRE ]. 
[9] S. Zhou, Chin. Phys. C 46 , 011001 (2022) [ arXiv:2104.06858 ] [ Search inSPIRE ]. 
[10] H. Fritzsch, Z. Xing, and S. Zhou, J. High Energy Phys. 1109 , 083 (2011) [ arXiv:1108.4534 ] [ Sear

ch inSPIRE ]. 
[11] Z. Xing, Phys. Lett. B 530 , 159 (2002) [ arXiv:hep-ph/0201151 ] [ Search inSPIRE ]. 
[12] A. Biswas, S. Jangid, and S.C. Park Phys.Lett.B 868 , 139786 (2025) [ arXiv: 2504.10312 ] [ Search in

SPIRE ]. 
[13] C. Han, S. Huang, and Z. Lei, Phys. Rev. D 107 , 015021 (2023) [ arXiv:2208.11336 ] [ Search inSP

IRE ]. 
[14] N. Haba, H. Ishida, N. Okada, and Y. Yamaguchi, Eur. Phys. J. C 76 , 333 (2016) [ arXiv:1601.05217 ]

[ Search inSPIRE ]. 
[15] P. S. Bhupal Dev, D. Kumar Ghosh, N. Okada, and I. Saha, J. High Energy Phys. 1303 , 150 (2013);

1305 , 049 (2013) [erratum][ arXiv:1301.3453 ] [ Search inSPIRE ]. 
[16] A. D. Sakharov, Pisma Zh. Eksp. Teor. Fiz. 5 , 32 (1967). 
[17] K. Kajantie, M. Laine, K. Rummukainen, and M. E. Shaposhnikov, Phys. Rev. Lett. 77 , 2887

(1996) [ arXiv:hep-ph/9605288 ] [ Search inSPIRE ]. 
[18] K. Kajantie, M. Laine, K. Rummukainen, and M. E. Shaposhnikov, Nucl. Phys. B 493 , 413 (1997)

[ arXiv:hep-lat/9612006 ] [ Search inSPIRE ]. 
[19] F. Csikor, Z. Fodor, and J. Heitger, Phys. Rev. Lett. 82 , 21 (1999) [ arXiv:hep-ph/9809291 ] [ Search

inSPIRE ]. 
[20] Y. Aoki, F. Csikor, Z. Fodor, and A. Ukawa, Phys. Rev. D 60 , 013001 (1999) [ arXiv:hep-

lat/9901021 ] [ Search inSPIRE ]. 
[21] K. Kajantie, M. Laine, K. Rummukainen, and M. E. Shaposhnikov, Nucl. Phys. B 466 , 189 (1996)

[ arXiv:hep-lat/9510020 ] [ Search inSPIRE ]. 
[22] D. E. Morrissey and M. J. Ramsey-Musolf, New J. Phys. 14 , 125003 (2012) [ arXiv:1206.2942 ] [ Se

arch inSPIRE ]. 
[23] M. B. Gavela, P. Hernandez, J. Orloff, O. Pene, and C. Quimbay, Nucl. Phys. B 430 , 382 (1994)

[ arXiv:hep-ph/9406289 ] [ Search inSPIRE ]. 
[24] J. R. Espinosa and M. Quiros, Phys. Lett. B 305 , 98 (1993) [ arXiv:hep-ph/9301285 ] [ Search inSP

IRE ]. 
[25] P. Bandyopadhyay and S. Jangid, Phys. Rev. D 107 , 055032 (2023) [ arXiv:2111.03866 ] [ Search in

SPIRE ]. 
[26] N. Blinov, S. Profumo, and T. Stefaniak, J. Cosmol. Astropart. Phys. 1507 , 028 (2015)

[ arXiv:1504.05949 ] [ Search inSPIRE ]. 
35/37

https://arxiv.org/abs/1207.7235
https://inspirehep.net/literature?q=find%20EPRINT%201207.7235
https://arxiv.org/abs/1207.7214
https://inspirehep.net/literature?q=find%20EPRINT%201207.7214
https://arxiv.org/abs/1909.09610
https://inspirehep.net/literature?q=find%20EPRINT%201909.09610
https://arxiv.org/abs/1608.04194
https://inspirehep.net/literature?q=find%20EPRINT%201608.04194
https://arxiv.org/abs/1805.04415
https://inspirehep.net/literature?q=find%20EPRINT%201805.04415
https://arxiv.org/abs/hep-ph/0110146
https://inspirehep.net/literature?q=find%20EPRINT%20
https://arxiv.org/abs/hep-ph/0304069
https://inspirehep.net/literature?q=find%20EPRINT%20
https://arxiv.org/abs/1709.01099
https://inspirehep.net/literature?q=find%20EPRINT%201709.01099
https://arxiv.org/abs/2104.06858
https://inspirehep.net/literature?q=find%20EPRINT%202104.06858
https://arxiv.org/abs/1108.4534
https://inspirehep.net/literature?q=find%20EPRINT%201108.4534
https://arxiv.org/abs/hep-ph/0201151
https://inspirehep.net/literature?q=find%20EPRINT%200201151
https://arxiv.org/abs/\protect \unhbox \voidb@x \penalty \@M \ 2504.10312
https://inspirehep.net/literature?q=find%20EPRINT%20
https://arxiv.org/abs/2208.11336
https://inspirehep.net/literature?q=find%20EPRINT%202208.11336
https://arxiv.org/abs/1601.05217
https://inspirehep.net/literature?q=find%20EPRINT%201601.05217
https://arxiv.org/abs/1301.3453
https://inspirehep.net/literature?q=find%20EPRINT%201301.3453
https://arxiv.org/abs/hep-ph/9605288
https://inspirehep.net/literature?q=find%20EPRINT%209605288
https://arxiv.org/abs/hep-lat/9612006
https://inspirehep.net/literature?q=find%20EPRINT%209612006
https://arxiv.org/abs/hep-ph/9809291
https://inspirehep.net/literature?q=find%20EPRINT%209809291
https://arxiv.org/abs/hep-lat/9901021
https://inspirehep.net/literature?q=find%20EPRINT%209901021
https://arxiv.org/abs/hep-lat/9510020
https://inspirehep.net/literature?q=find%20EPRINT%209510020
https://arxiv.org/abs/1206.2942
https://inspirehep.net/literature?q=find%20EPRINT%201206.2942
https://arxiv.org/abs/hep-ph/9406289
https://inspirehep.net/literature?q=find%20EPRINT%209406289
https://arxiv.org/abs/hep-ph/9301285
https://inspirehep.net/literature?q=find%20EPRINT%209301285
https://arxiv.org/abs/2111.03866
https://inspirehep.net/literature?q=find%20EPRINT%202111.03866
https://arxiv.org/abs/1504.05949
https://inspirehep.net/literature?q=find%20EPRINT%201504.05949


PTEP 2026, 023B06 S. C. Park et al.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

[27] R. Zhou, L. Bian, and Y. Du, J. High Energy Phys. 2208 , 205 (2022) [ arXiv:2203.01561 ] [ Search in
SPIRE ]. 

[28] S. Roy, Phys.Rev.D 111 , 015037 (2025) [ arXiv:2212.11230 ] [ Search inSPIRE ]. 
[29] S. Jangid and H. Okada, Phys. Rev. D 109 , 015001 (2024) [ arXiv:2310.12591 ] [ Search inSPIRE ]. 
[30] V. A. Kuzmin, V. A. Rubakov, and M. E. Shaposhnikov, Phys. Lett. B 155 , 36 (1985). 
[31] A. G. Cohen, D. B. Kaplan, and A. E. Nelson, Nucl. Phys. B 349 , 727 (1991). 
[32] A. G. Cohen, D. B. Kaplan, and A. E. Nelson, Ann. Rev. Nucl. Part. Sci. 43 , 27 (1993) [ arXiv:hep-

ph/9302210 ] [ Search inSPIRE ]. 
[33] M. Quiros, Helv. Phys. Acta 67 , 451 (1994). 
[34] V. A. Rubakov and M. E. Shaposhnikov, Usp. Fiz. Nauk 166 , 493 (1996) [ arXiv:hep-ph/9603208 ]

[ Search inSPIRE ]. 
[35] K. Funakubo, Prog. Theor. Phys. 96 , 475 (1996) [ arXiv:hep-ph/9608358 ] [ Search inSPIRE ]. 
[36] M. Trodden, Rev. Mod. Phys. 71 , 1463 (1999) [ arXiv:hep-ph/9803479 ] [ Search inSPIRE ]. 
[37] W. Bernreuther, Lect. Notes Phys. 591 , 237 (2002) [ arXiv:hep-ph/0205279 ] [ Search inSPIRE ]. 
[38] P. Di Bari, A. Masiero, and R. Mohapatra, New J. Phys. 15 , 035030 (2013). 
[39] B. P. Abbott et al. Phys. Rev. Lett. 116 , 061102 (2016) [ arXiv:1602.03837 ] [ Search inSPIRE ]. 
[40] B. P. Abbott et al. Phys. Rev. Lett. 119 , 161101 (2017) [ arXiv:1710.05832 ] [ Search inSPIRE ]. 
[41] B. P. Abbott et al. Phys. Rev. X 9 , 031040 (2019) [ arXiv:1811.12907 ] [ Search inSPIRE ]. 
[42] R. Abbott et al. Phys. Rev. X 11 , 021053 (2021) [ arXiv:2010.14527 ] [ Search inSPIRE ]. 
[43] A. Mazumdar and G. White, Rept. Prog. Phys. 82 , 076901 (2019) [ arXiv:1811.01948 ] [ Search inSP

IRE ]. 
[44] C. Caprini et al., J. Cosmol. Astropart. Phys. 2003 , 024 (2020) [ arXiv:1910.13125 ] [ Search inSPIR

E ]. 
[45] P. Athron, C. Balázs, A. Fowlie, L. Morris, and L. Wu, Prog. Part. Nucl. Phys. 135 , 104094 (2024).
[46] C. Ungarelli, P. Corasaniti, R. A. Mercer, and A. Vecchio, Classical Quantum Gravity 22 , S955

(2005) [ arXiv:astro-ph/0504294 ] [ Search inSPIRE ]. 
[47] C. Cutler and J. Harms, Phys. Rev. D 73 , 042001 (2006) [ arXiv:gr-qc/0511092 ] [ Search inSPIRE ]. 
[48] P. Amaro-Seoane et al., arXiv:1702.00786 [ Search inSPIRE ]. 
[49] G. Degrassi, S. Di Vita, J. Elias-Miro, J. R. Espinosa, G. F. Giudice, G. Isidori, and A. Strumia, J.

High Energy Phys. 1208 , 098 (2012) [ arXiv:1205.6497 ] [ Search inSPIRE ]. 
[50] F. Staub, Comput. Phys. Commun. 185 , 1773 (2014) [ arXiv:1309.7223 ] [ Search inSPIRE ]. 
[51] S. Coleman and E. Weinberg, Phys. Rev. D 7 , 1888 (1973). 
[52] D. Comelli and J. R. Espinosa, Phys. Rev. D 55 , 6253 (1997) [ arXiv:hep-ph/9606438 ] [ Search inSP

IRE ]. 
[53] A. Kosowsky, M. S. Turner, and R. Watkins, Phys. Rev. D 45 , 4514 (1992). 
[54] A. Kosowsky and M. S. Turner, Phys. Rev. D 47 , 4372 (1993) [ arXiv:astro-ph/9211004 ] [ Search in

SPIRE ]. 
[55] S. J. Huber and T. Konstandin, J. Cosmol. Astropart. Phys. 0809 , 022 (2008) [ arXiv:0806.1828 ]

[ Search inSPIRE ]. 
[56] A. Kosowsky, M. S. Turner, and R. Watkins, Phys. Rev. Lett. 69 , 2026 (1992). 
[57] M. Kamionkowski, A. Kosowsky, and M. S. Turner, Phys. Rev. D 49 , 2837 (1994). 
[58] C. Caprini, R. Durrer, and G. Servant, Phys. Rev. D 77 , 124015 (2008). 
[59] M. Hindmarsh, S. J. Huber, K. Rummukainen, and D. J. Weir, Phys. Rev. Lett. 112 , 041301 (2014).
[60] L. Leitao, A. Megevand, and A. D. Sanchez, J. Cosmol. Astropart. Phys. 1210 , 024 (2012)

[ arXiv:1205.3070 ] [ Search inSPIRE ]. 
[61] J. T. Giblin, Jr and J. B. Mertens, J. High Energy Phys. 1312 , 042 (2013) [ arXiv:1310.2948 ] [ Search

inSPIRE ]. 
[62] J. T. Giblin and J. B. Mertens, Phys. Rev. D 90 , 023532 (2014) [ arXiv:1405.4005 ] [ Search inSPIRE ].
[63] M. Hindmarsh, S. J. Huber, K. Rummukainen, and D. J. Weir, Phys. Rev. D 92 , 123009 (2015). 
[64] C. Caprini and R. Durrer, Phys. Rev. D 74 , 063521 (2006). 
[65] T. Kahniashvili, A. Kosowsky, G. Gogoberidze, and Y. Maravin, Phys. Rev. D 78 , 043003 (2008). 
[66] T. Kahniashvili, L. Campanelli, G. Gogoberidze, Y. Maravin, and B. Ratra, Phys. Rev. D 78 , 123006

(2008); 79 , 109901 (2009) [erratum][ arXiv:0809.1899 ] [ Search inSPIRE ]. 
[67] T. Kahniashvili, L. Kisslinger, and T. Stevens, Phys. Rev. D 81 , 023004 (2010) [ arXiv:0905.0643 ]

[ Search inSPIRE ]. 
36/37

https://arxiv.org/abs/2203.01561
https://inspirehep.net/literature?q=find%20EPRINT%202203.01561
https://arxiv.org/abs/2212.11230
https://inspirehep.net/literature?q=find%20EPRINT%202212.11230
https://arxiv.org/abs/2310.12591
https://inspirehep.net/literature?q=find%20EPRINT%202310.12591
https://arxiv.org/abs/hep-ph/9302210
https://inspirehep.net/literature?q=find%20EPRINT%209302210
https://arxiv.org/abs/hep-ph/9603208
https://inspirehep.net/literature?q=find%20EPRINT%209603208
https://arxiv.org/abs/hep-ph/9608358
https://inspirehep.net/literature?q=find%20EPRINT%209608358
https://arxiv.org/abs/hep-ph/9803479
https://inspirehep.net/literature?q=find%20EPRINT%209803479
https://arxiv.org/abs/hep-ph/0205279
https://inspirehep.net/literature?q=find%20EPRINT%200205279
https://arxiv.org/abs/1602.03837
https://inspirehep.net/literature?q=find%20EPRINT%201602.03837
https://arxiv.org/abs/1710.05832
https://inspirehep.net/literature?q=find%20EPRINT%201710.05832
https://arxiv.org/abs/1811.12907
https://inspirehep.net/literature?q=find%20EPRINT%201811.12907
https://arxiv.org/abs/2010.14527
https://inspirehep.net/literature?q=find%20EPRINT%202010.14527
https://arxiv.org/abs/1811.01948
https://inspirehep.net/literature?q=find%20EPRINT%201811.01948
https://arxiv.org/abs/1910.13125
https://inspirehep.net/literature?q=find%20EPRINT%201910.13125
https://arxiv.org/abs/astro-ph/0504294
https://inspirehep.net/literature?q=find%20EPRINT%20astro-ph/0504294
https://arxiv.org/abs/gr-qc/0511092
https://inspirehep.net/literature?q=find%20EPRINT%200511092
https://arxiv.org/abs/1702.00786
https://inspirehep.net/literature?q=find%20EPRINT%201702.00786
https://arxiv.org/abs/1205.6497
https://inspirehep.net/literature?q=find%20EPRINT%201205.6497
https://arxiv.org/abs/1309.7223
https://inspirehep.net/literature?q=find%20EPRINT%201309.7223
https://arxiv.org/abs/hep-ph/9606438
https://inspirehep.net/literature?q=find%20EPRINT%209606438
https://arxiv.org/abs/astro-ph/9211004
https://inspirehep.net/literature?q=find%20EPRINT%20
https://arxiv.org/abs/0806.1828
https://inspirehep.net/literature?q=find%20EPRINT%200806.1828
https://arxiv.org/abs/1205.3070
https://inspirehep.net/literature?q=find%20EPRINT%201205.3070
https://arxiv.org/abs/1310.2948
https://inspirehep.net/literature?q=find%20EPRINT%201310.2948
https://arxiv.org/abs/1405.4005
https://inspirehep.net/literature?q=find%20EPRINT%201405.4005
https://arxiv.org/abs/0809.1899
https://inspirehep.net/literature?q=find%20EPRINT%200809.1899
https://arxiv.org/abs/0905.0643
https://inspirehep.net/literature?q=find%20EPRINT%200905.0643


PTEP 2026, 023B06 S. C. Park et al.

 

 

 

 

 

 

 

 

 

 

 

 

[68] C. Caprini, R. Durrer, and G. Servant, J. Cosmol. Astropart. Phys. 0912 , 024 (2009)
[ arXiv:0909.0622 ] [ Search inSPIRE ]. 

[69] C. Caprini et al. J. Cosmol. Astropart. Phys. 1604 , 001 (2016) [ arXiv:1512.06239 ] [ Search inSPIRE ].
[70] A. D. Linde, Nucl. Phys. B 216 , 421 (1983); 223 , 544 (1983) [erratum]. 
[71] V. Reza Shajiee and Ali Tofighi, Eur. Phys. J. C 79 , 360 (2019) [ arXiv:1811.09807 ] [ Search inSPIRE ].
[72] M. Kamionkowski, A. Kosowsky, and M. S. Turner, Phys. Rev. D 49 , 2837 (1994) [ arXiv:astro-

ph/9310044 ] [ Search inSPIRE ]. 
[73] W. Chao, H.-K. Guo, and J. Shu, J. Cosmol. Astropart. Phys. 1709 , 009 (2017) [ arXiv:1702.02698 ]

[ Search inSPIRE ]. 
[74] P. S. Bhupal Dev, F. Ferrer, Y. Zhang, and Y. Zhang, J. Cosmol. Astropart. Phys. 1911 , 006 (2019)

[ arXiv:1905.00891 ] [ Search inSPIRE ]. 
[75] P. J. Steinhardt, Phys. Rev. D 25 , 2074 (1982). 
[76] C. J. Hogan, Mon. Not. R. Astron. Soc. 218 , 629 (1986). 
[77] J. Ellis, M. Lewicki, and J. M. No, J. Cosmol. Astropart. Phys. 1904 , 003 (2019) [ arXiv:1809.08242 ]

[ Search inSPIRE ]. 
[78] J. R. Espinosa, T. Konstandin, J. M. No, and G. Servant, J. Cosmol. Astropart. Phys. 1006 , 028

(2010) [ arXiv:1004.4187 ] [ Search inSPIRE ]. 
[79] C. L. Wainwright, Comput. Phys. Commun. 183 , 2006–2013 (2012). 
[80] J. Aasi et al. Classical Quantum Gravity 32 , 074001 (2015) [ arXiv:1411.4547 ] [ Search inSPIRE ]. 
[81] C. Grojean, G. Servant, and J. D. Wells, Phys. Rev. D 71 , 036001 (2005) [ arXiv:hep-ph/0407019 ]

[ Search inSPIRE ]. 
[82] S. Kanemura, Y. Okada, E. Senaha, and C. P. Yuan, Phys. Rev. D 70 , 115002 (2004) [ arXiv:hep-

ph/0408364 ] [ Search inSPIRE ]. 
[83] C.-W. Chiang, M. J. Ramsey-Musolf, and E. Senaha, Phys. Rev. D 97 , 015005 (2018)

[ arXiv:1707.09960 ] [ Search inSPIRE ]. 
[84] M. Cepeda et al. CERN Yellow Rep. Monogr. 7 , 221 (2019) [ arXiv:1902.00134 ] [ Search inSPIRE ].
[85] J. de Blas et al. J. High Energy Phys. 2001 , 139 (2020) [ arXiv:1905.03764 ] [ Search inSPIRE ]. 
©The Author(s) 2026. Published by Oxford University Press on behalf of the Physical Society of Japan. This is an Open Access article distributed under the terms of the Creative 
Commons Attribution License ( https://creativecommons.org/licenses/by/4.0/ ), which permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work 
is properly cited. 
Funded by SCOAP3 

37/37

https://arxiv.org/abs/0909.0622
https://inspirehep.net/literature?q=find%20EPRINT%200909.0622
https://arxiv.org/abs/1512.06239
https://inspirehep.net/literature?q=find%20EPRINT%201512.06239
https://arxiv.org/abs/1811.09807
https://inspirehep.net/literature?q=find%20EPRINT%201811.09807
https://arxiv.org/abs/astro-ph/9310044
https://inspirehep.net/literature?q=find%20EPRINT%20
https://arxiv.org/abs/1702.02698
https://inspirehep.net/literature?q=find%20EPRINT%201702.02698
https://arxiv.org/abs/1905.00891
https://inspirehep.net/literature?q=find%20EPRINT%201905.00891
https://arxiv.org/abs/1809.08242
https://inspirehep.net/literature?q=find%20EPRINT%201809.08242
https://arxiv.org/abs/1004.4187
https://inspirehep.net/literature?q=find%20EPRINT%201004.4187
https://arxiv.org/abs/1411.4547
https://inspirehep.net/literature?q=find%20EPRINT%201411.4547
https://arxiv.org/abs/hep-ph/0407019
https://inspirehep.net/literature?q=find%20EPRINT%200407019
https://arxiv.org/abs/hep-ph/0408364
https://inspirehep.net/literature?q=find%20EPRINT%200408364
https://arxiv.org/abs/1707.09960
https://inspirehep.net/literature?q=find%20EPRINT%201707.09960
https://arxiv.org/abs/1902.00134
https://inspirehep.net/literature?q=find%20EPRINT%201902.00134
https://arxiv.org/abs/1905.03764
https://inspirehep.net/literature?q=find%20EPRINT%201905.03764
https://creativecommons.org/licenses/by/4.0/

	1 Introduction
	2 Model setup
	3 Stability conditions
	4 Electroweak phase transition
	5 Experimental constraints
	6 Conclusion
	Acknowledgements
	Funding
	Two-loop -functions for dimensionless couplings
	References

