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Prospects for relic neutrino detection using nuclear spin experiments
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Direct detection of the cosmic neutrino background (CvB) remains one of the most formidable
experimental challenges in modern physics. In this work, we extend recent studies of CvB-induced
coherent transitions in polarized nuclear spin ensembles. Adopting an open quantum system framework,
we model coherent neutrino effects in large spin ensembles using a Lindblad master equation that also
incorporates realistic experimental imperfections such as local dephasing and imperfect polarization. We
solve the Lindblad equation numerically by way of a fast and computationally inexpensive method that can
be extended to an arbitrarily large number of spins. Using our numerical solutions, we forecast the
sensitivities of future experiments such as CASPEr to the local CvB overdensity parameter J,. Our findings
indicate that a CASPEr-like experiment, though primarily aimed at axion dark matter search, could also
constrain the CvB overdensity to §, ~ 10'? in configurations achievable by currently planned experimental
efforts, and down to 8, ~ 10'! in the most optimized scenario. While CtB detection remains out of reach in
the foreseeable future, our results highlight the potential of using quantum sensing to probe fundamental

physics.
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I. INTRODUCTION

Standard hot big bang cosmology predicts a cosmic
neutrino background (CvB), a relic from the early universe
analogous to the cosmic microwave background (CMB),
that decoupled from the primordial plasma when it cooled
to temperatures of 7~ 1 MeV [1]. At decoupling these
neutrinos had a nearly thermal spectrum of the relativistic
Fermi-Dirac form n; = [exp(p/T,) + 1]~!, which is pre-
served by cosmological redshifting induced by the spatial
expansion of the universe. Together with the minimum
neutrino mass values implied by flavor oscillation experi-
ments, we expect the CvB today to be largely nonrelativ-
istic, with a temperature of T,y ~ 1.7 x 10™* eV ~ 1.95 K,
slightly cooler than the 2.73 K CMB photons. Its mean
number density is predicted to be n, = n; ~ 56 cm™ per
flavor, but can be enhanced locally, i.e., in the solar
neighborhood, by factors of O(1-10), depending on the
neutrino mass, through gravitational clustering [2—14].
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Notwithstanding its abundance, the CvB has so far
evaded direct detection in the laboratory owing to its
extremely low energies and weak interactions. To date,
the only evidence we have of its existence is indirect and
based entirely on its gravitational effects in the early
Universe and subsequent impact on precision cosmological
observables. Specifically, measurements of the primordial
light element abundances (e.g., [15]) and the CMB anisot-
ropies (e.g., [16]) consistently prefer an expansion rate—at
minutes and 400,000 years postbig bang, respectively—
compatible at the 10% level with the standard prediction of
the CuB energy density.' Anisotropic stress constraints
from the CMB likewise support the weakly interacting
nature of the CvB [17,18].

In the face of ever-improving cosmological/gravity-
based constraints, it nonetheless remains of great interest
to detect or at least constrain the CvB in a more direct way,
using methods based on particle scattering. In this con-
nection, a number of possible probes and constraints have
been discussed. Below is a nonexhaustive list.

'In cosmology parlance, the effect of the CuB energy density
on the early universal expansion rate is parametrized by the
effective number of neutrinos N.;. The inferred value of N g
from primordial light element abundances and the CMB are
Nep =2.88+0.27 (68% CL) [15] and Ny =2.99+0.17
(68% CL) [16], respectively, consistent with the energy density
in three light neutrino flavors.
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At leading order in the Fermi constant G, the so-
called Stodolsky effect [19] refers to a spin-depen-
dent shift in the energy of a standard-model (SM)
fermion sitting in a CP asymmetric bath of neutrinos
and antineutrinos. While cosmological neutrino-
antineutrino asymmetries of 7, = (n, —n;)/n, <
O(1072) are not excluded by observations (e.g.,
[20]), it is also not well motivated within the SM,
where O(107'%) particle-antiparticle asymmetries
are generically expected in light of the observed
matter-antimatter asymmetry in the Universe. We
remark however on a recent claim of a large 7, ~
1072 —0.25 being preferred by extragalactic “He
observations [21]. Note also discussions of the
survival of such asymmetries in the local Uni-
verse [22,23].

At next-to-leading order O(G%), coherent elastic
scattering of a CvB wind with a macroscopic target
can produce a mechanical force that causes the target
to accelerate [24—29]. This force does not require the
presence of a neutrino-antineutrino asymmetry, but
works best for Dirac neutrinos. For Majorana
neutrinos, the absence of vector currents causes
the interaction cross section to be suppressed by a
factor v2 ~ 107°, where v is the Earth-CuB relative
speed. Current torsion balance setups cannot mea-
sure this acceleration unless the CvB number density
is enhanced by a factor §, ~10'> or more [29].
Advancement on this front consists in using new
techniques, e.g., interferometry [28], to enhance the
sensitivity to the acceleration.

Another O(G2) effect, neutrino capture by
f-decaying nuclei remains unique to CvB detection
[30-33] and goes hand-in-hand with direct neutrino
mass searches based upon f-decay end-point spec-
trum measurements [34-36]. The flagship tritium
P-decay neutrino mass experiment KATRIN cur-
rently limits the local CuB overdensity to §, < 10!
[34]. The proposed PTOLEMY experiment aims to
constrain this parameter to &, ~ O(1) [37].

An accelerator-based variant of the above has also
been discussed in Ref. [38], which proposes to use
accelerated beams of ions in ion storage rings to
capture CvB neutrinos at nuclear f-resonances to
enhance the capture cross section.

Inelastic O(G%) scattering of the CuB on a target
system can also induce transitions between different
energy states. These include atomic transitions
[39,40], as well as nuclear spin flips [41,42]. Of
the latter, hydrogen spin flip induced by absorption
of a relic neutrino-antineutrino pair may be sensitive
to 8, ~ 10° for neutrino masses m, ~ 1073 eV [41].
On astrophysical scales, probes of the CuvB range
from small-scale (i.e., sub-1 AU) perturbations to
planetary orbits (current constraint 5, < 5.34 x 10'°

[43]) and the cooling of old neutron stars from CuvB
capture (potential sensitivity §, ~ 10° [44]), to large-
scale (ZO(10) Mpc) up-scattering of the CuB by
cosmic rays [45-47] (current constraint §, < 10*
[47]) and features in the energy spectra of ultrahigh
energy neutrinos due to CuvB scattering (current
constraint 5, < 10'* [48]). Also proposed are reso-
nant absorption dips in the cosmogenic neutrino
energy spectrum when these neutrinos interact with
the CvB on a meson resonance [49], a variant of the
original Z-resonance absorption dips for ultrahigh
energy neutrinos [50].

We are particularly interested in the proposal of
Ref. [42], which exploits spin ensembles such as in nuclear
magnetic resonance (NMR) experiments to detect coherent
effects induced by the CuB through inelastic neutrino-spin
interactions. Specifically, Ref. [42] argued that the momen-
tum transfer ¢ in such interactions can be macroscopic in
wavelength terms, causing the collective CvB-induced spin
flip rates across the spin ensemble to scale as N2, where N
is the number of spins, if the spin sample’s physical size R
is smaller than or comparable to ¢g~! (this situation is to be
compared with an « N scaling in an incoherent, gR > 1
setting). Such macroscopic coherence of the target system
can significantly enhance sensitivity to weak interactions
and may conceivably yield a constraint on the CvB over-
density parameter comparable to the current KATRIN
bound, §, < 10'! [34], for specific initial spin configura-
tions [42]. Added to its appeal is that planned NMR
experiments to search for dark matter axions and axionlike
particles, e.g., CASPEr [51,52], are in principle sensitive to
such coherent signals. Besides opening up a new avenue for
ultralow-threshold searches for fundamental physics, the
potential for these experiments to simultaneously search for
and/or constrain both the axion and CvB parameter space is
a most tantalizing prospect.

In this work, we expand on the study of Ref. [42] as
follows: (i) We explore realistic experimental effects such
as local dephasing and imperfect initial polarization of the
spin ensemble, both of which can degrade the coherent
CuB signature. (ii) Modeling these effects using an open
quantum system framework, we solve the Lindblad master
equation numerically, both for the full density matrix of N
spins, and using a computationally efficient second-order
approximation that tracks only a limited set of observables.
Using these solutions, we are able to confirm for large N
the validity of the perturbative solutions put forward in
Ref. [42]. (iii)) We forecast the sensitivity of realistic future
experiments to the CvB overdensity parameter §,, espe-
cially the reach of the CASPEr experiment [51-53], by
including a more realistic modeling of the instrumental
noise, initial polarization of the spin ensemble, and sam-
ple size.

In addition to the sample size, which restricts the degree
of CuB coherence across the spin ensemble, we find the
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initial spin polarization to be a particularly important
limiting factor—and also the primary reason why the
current generation of NMR axion searches cannot place
competitive constraints on J,. In the most optimistic case
(no instrumental noise, R ~ 10 cm, 100% polarization), a
sensitivity of §, ~10'" may be achievable using '*’Xe
nuclei. In more realistic settings (instrumental noise,
R ~1 cm, 25% polarization), however, the sensitivity to
the CuB deteriorates to &, ~ 10'3.

The paper is structured as follows. In Sec. II we
introduce the scattering rates of the CvB with a single
two-level system, such as a nuclear spin with 7 = 1/2, and
with an ensemble of N spins, highlighting a regime where a
coherent ~N? enhancement can be achieved. In Sec. III, we
review the Lindblad master equation commonly used to
model open quantum systems, and describe the dynamics
in the Dicke basis. Sections IV and V discuss, respectively,
the emergence of N2 effects in collective observables and
the limitations arising from incoherent local effects that
eventually degrade the signal. We show in Sec. VI how the
Lindblad master equation combining coherent and inco-
herent local effects can be efficiently solved using a
numerical approximation. We use these numerical solutions
to forecast the sensitivity of currently planned experiments
to the CuvB overdensity parameter §,, as detailed in
Sec. VII. Section VIII contains our conclusions. The
computational details of this work are reported in eight
Appendices.

II. NEUTRINO-SPIN INTERACTION

Consider a spin-1/2 fermion—such as an electron or a
nucleus—interacting with neutrinos via the weak interac-
tion. We assume coherence over nuclear distances,
allowing us to treat the fermion as a pointlike particle
and neglect its internal structure. At low energies, this
interaction can be described by an effective 4-fermi
interaction specified by the Lagrangian

L=Y(ig—m)¥ - qP/"VA, + Lin,

Gy )
L = —;72‘1’#‘(95 — g, (1 =Py, (1)

where W denotes the fermion field of mass m and electric
charge g, A, = (AO,Z) is the electromagnetic 4-potential,
G the Fermi constant, Vs the neutrino field of flavor f = e,

u, 7, and g{, and gf; are the vector and axial-vector couplings
of the fermion to vy. '

The couplings g(, and gf; generally depend on the
neutrino flavor as well as the nature of the fermion.
Here, we focus exclusively on neutrino—nucleus interaction
through the neutral-current channel. The corresponding
couplings are therefore independent of flavor. The values of
gy and g, are nucleus-dependent. In what follows, we

consider the axial coupling g4, which is only sensitive to
the spin of the unpaired nucleon (see, e.g., [54]).

It is convenient to express the neutrino fields in the mass
basis. Performing the basis transformation v, = >, U s,
where v; are the mass eigenstates (for i = 1, 2, 3) and Uy; is
the Pontecorvo-Maki-Nakagawa-Sakata matrix, the inter-
action Lagrangian becomes

Grgy i id i s\
Lin = —273‘1’7”(9&’ — 9oy, (1 =), (2)
ij

where the effective couplings in the mass basis are given by
g’V’( 4= 2of d{,( 4 UpiUyj. In the flavor-independent case
under consideration, the effective couplings are diagonal,
i.e., nonzero only for i =j, and equal for all mass
eigenstates.2

In a typical NMR setup, a sample of (nonrelativistic)
nuclear spins is placed in a constant magnetic bias field

B=V x;{, which we choose to point in the negative-z

direction, i.e., B= —BZ. We can therefore take the non-
relativistic limit and derive from the relativistic Lagrangian
(1) the corresponding Hamiltonian for a single spin,

H(l/2) — Hgl/z) —I—H(l/z)

nt

= wol, + I+ J_+ 2T, (3)

Here, Hgl/ 2 = wJ, describes the interaction of the spin
with the magnetic field, where @w, = yB is the energy
splitting between adjacent spin states—also called the
Larmor frequency, and y = guy is the gyromagnetic ratio
specific to the nucleus under consideration, defined via the
nuclear magneton uy = e/2m,, and the nucleus-specific g-

factor. The Hi(;t/ ?) terms describe interaction of the spin
with the CvB, where the spin raising and lowering
operators are defined as J. =J,+iJ,. In our flavor-
independent case the neutrino terms X, , read

z = Z V2Grgatir* (1= 7°)ui,
2 =Y nt - @)
+ : \/E AVi i

and they arise exclusively from the axial part of the weak
interaction. We refer to the reader to Appendix A for the
derivation of the low-energy Hamiltonian, including the
flavor-dependent case.

’If instead of nuclear spins we consider electron spins, then the
neutrino-spin interaction can also proceed via the charged-current
channel. In that case, the couplings gy( 4) generally contain
nonzero off-diagonal terms, allowing the neutrino to change
mass eigenstates via the interaction. This case has been consid-
ered in Ref. [42].
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Physically, the term X.J, corresponds to elastic scatter-
ing of neutrinos off a spin, which alters the phase evolution
of the spin but does not change its energy. In contrast, the
X, J. terms describe inelastic processes, in which the
neutrino exchanges energy with the spin, either exciting
it (X)) or deexciting it (X_). The single-spin excitation and
deexcitation rates y,, defined as the transition rate of a spin
from down to up (+4) and vice versa (—), can be estimated
using Fermi’s golden rule. Accounting only for inelastic
neutrino-spin scattering, the rates read

4G2
Y / AP pis 2 +15Ts

X[(l_Ni(p?i>)Ni(p0) (I=Ni(p)N:(p%)]. (5)

where  pi. = [(\/[PI* +mi F wg)® —mi]'?, pl =
V|P|? +m? F @y, m; is the mass of the ith mass eigen-
state, and the lower integration limits are given by pl"W =

(wo + m;)* — m? and pio¥ = 0. This expression applies
to both Dirac and Majorana neutrinos, but with the under-
standing that the neutrino and antineutrino occupation
numbers, N; and N;, in the Dirac case are a factor two
smaller than in the Majorana case.* The detailed calcu-
lation of y, from the low-energy Hamiltonian (3) can be
found in Appendix B. Assuming a standard, CP-sym-
metric CuB with N; = N; ~ ngp, and a spin sample con-
sisting of '°Xe nuclei with g, = 1/2, the rates (5)
evaluate numerically to

SM
yM > 1.1 x 107 Hz, %:0994 (6)

for a typical NMR energy splitting of wy = 1 x 1078 eV
and a normally ordered neutrino mass sum of
S m, =0.15 V.

In the case of N spins, the low-energy Hamiltonian (3)
generalizes to

H=> (wgJ+ 0%+ 200 +227%),  (7)
a

3All neutrino momenta throughout this work are 3-momenta.
We do however use a superscript “0”, e.g., p® = \/|p|* + m? to
denote energy.

Although at decoupling relativistic Dirac neutrinos (antineu-
trinos) are exclusively in the left- (right-) helicity state, as they
redshift to nonrelativistic velocities at late times, the generic
expectation is they should relax into an equal mixture of left- and
right-helicity states via gravitational interactions.

"We adopt mass values consistent with global neutrino
oscillation fits [55-57]. For normal ordering, the masses are
fixed by the total mass sum and the measured mass-squared
splittings, Am3, ~7.4 x 107 eV? and Am3; ~2.5x 107 eV?,
giving m; ~0.0419 eV, m, ~0.0428 eV, and mj; ~0.0652 eV
for > m, = 0.15 eV.

where J% _ are understood to operate only on the spin at
spatial position X,,, and the neutrino terms X% _ are the same
as those given in Eq. (4) but now with the neutrino fields
specified by v;(t, X,). The total excitation and deexcitation
rates of the ensemble, defined here as the rate at which the
total energy of the ensemble increases or decreases by one
unit of g, can be written as®

26% ) 2
Z d|P||P| pisn/mi + pie

X [(1 _Ni(pii))Ni(p )+ (1= N;(p2))N;(p°)]

1
X /1 duF . (pis — D), (8)

where yu = p;y - p, is the polar angle between the momen-
tum vectors p and p’, and

Fo(§) = (iginl Y _JTee G50 [i ) (9)
ap

are the excitation and deexcitation form factors.
Depending on the initial spin configuration and the
momentum transfer § = p,,. — p from the neutrinos to
the ensemble, the form factors F.(g) can evaluate to a
range of values. For example, a system prepared in the
ground state |G) = ||)®" in which all spins align initially
with the magnetic field has F¢(4) = N and FS(g) =0,
and hence a nonvanishing total excitation rate Iy =y N.
In contrast, for an initial spin state aligned with the
equatorial plane, |P) = Ha% (I1) +|{)), the form factors

evaluate to

N N? 9
=—+

FL(q) 2 TWUI@RW’ (10)

with j;(x) the spherical Bessel function of order one.
Clearly, FF (g) can range from O(N)) in the fully incoherent

regime, to O(N?) in the fully coherent regime, discussed in
the following subsection.

A. Coherent regime

An inspection of the form factor (10) reveals that there
are essentially two physical scales that determine the spatial
coherence of the neutrino-spin interactions. The first is the
characteristic size of the spin ensemble R, which sets the
spatial extent over which the spins are distributed. The
second is the typical momentum transfer induced by the
relic neutrinos g.

6Throughout this work, we always denote integrated (ensem-
ble-level) rates by an upper-case I', while single-spin interaction
rates—relevant for the Lindblad dynamics discussed in
Sec. IlI—are represented by a lower-case y.
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Typical neutrino-spin interaction rates for a single neutrino species at a standard number density n, ~ 110 cm™ and with a

typical momentum p, ~ 27 cm™!. Left: the total rate T',, = ', + I'_ in the parameter space of system energy splitting , and sample
size R, where we have assumed a spin density of n, ~3 x 10> cm™ and a single neutrino mass of m, = 0.1 eV. The regions that
exhibit coherent effects are in the top-left corner. Right: dissipation ratio y, /y_ in the parameter space of neutrino mass »z, and system
energy splitting @, in units of neV = 107 eV. The ratio quantifies the imbalance between neutrino-induced excitation (y.) and
deexcitation (y_) single-spin processes, setting the dynamics of the system in the absence of other interactions. We find y_ /y_ <1
across the entire parameter space shown, indicating a net deexcitation effect from relic neutrinos on the spin ensemble. The two
horizontal red dashed lines denote the splitting energies for an ensemble of '2°Xe spins achieved with two different sub-Tesla magnetic

field values.

Since the incoming neutrinos follow a momentum dis-
tribution N;(p°), the momentum transfer ¢ = p,, (p) — p
is also dictated by the distribution. The coherence
properties must therefore be understood in terms of the
typical momentum transfer thyp extracted from this dis-
tribution. When the condition g,,R <1 is satisfied, we
see in Eq. (10) that j;(qy,R)~ qy,R/3, leading to
F. ~O(N?). This condition can always be fulfilled if
the typical neutrino momentum p, itself is small compared
with the inverse system size, i.e., p,R < 1. For relic
neutrinos with a typical incoming momentum of
p,~3.15T, ;=53 x 107 eV ~27 cm™!, the condition
p,R <« 1 therefore requires a very small R <« 0.04 cm.
However, even for the larger-size spin samples to be
considered in this work, e.g., R ~ O(1) cm, where formally
p,R > 1, it is still possible to fulfill the broader condition
qiypR << 1 and hence maintain coherence across the sample
in some limits. Specifically, the typical CvB kinetic energy
is much larger than the energy splittings w, ~ 107 eV
considered in this work. In this limit, the typical momentum
transfer is g, ~2p,sin(6/2), where 6 is the angle
between the incoming and outgoing neutrino. Thus, we
see that coherence can be maintained for those scattering
angles satisfying 6 < (p,R)~..

In terms of the total excitation and deexcitation rates (8),
the p,R > 1 limit is effectively equivalent to demanding

that only outgoing momentum directions falling in the
range cos((p,R)™") < u < 1 contribute to the N? enhance-
ment. Thus, evaluating the u-integral immediately yields

N2
I~—=vr., 11
+ 16p5R2 Y+ ( )

which we note is suppressed by a factor ~(2p,R)~? relative
to the naive coherent rate. The typical momentum transfer
in this regime is gy, ~ wom,/p,. This will be the case of
interest in our study and was first introduced in Ref. [42] as
an analogy to the Rayleigh-Gans regime [58]. See
Appendix B for details.

As a concrete example, consider a spin ensemble
composed of liquid '*’Xe characterized with a spin
density of n, ~ N/R?> ~10?> cm™3. In this case, assuming
an energy splitting @, = 107® eV and a standard CuB
with three normally ordered masses summing to
> m, =0.15 eV, the total excitation rate of the spin
ensemble evaluates to

M~ 12x%x10°H
M 12 x Z(IC

o R

where the R* scaling represents the aforementioned for-
ward limit of the N2 enhancement [42]. The dependence of
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the total interaction rate (I',, =", +1'_) on the system
parameters, including @, and the sample size R, is
illustrated in the left panel of Fig. 1, where regions
exhibiting enhanced coherence can be identified. The
right panel of the same figure shows the dissipation
ratio I'./T_=y,/y_ across the relevant parameter
space, and highlights a slight dominance of neutrino-
induced deexcitation. This dominance arises because
deexcitation is always kinematically allowed as it has
no energy threshold: any neutrino regardless of its
momentum can induce the transition; see Eq. (5).
Excitation is on the other hand not always possible.
The fractional difference is approximately y,/y_ — 1~
—2my,wy/p? [42] for wy < p?/(2m,) < m,. See also
Appendix B.

III. AN OPEN QUANTUM SYSTEM

Although our full system comprises a spin ensemble S
and a relic neutrino bath B that interact with each other, in
practice we are interested only in the dynamics of the
former. To this end, we adopt the framework of open
quantum systems, which assumes unitary evolution of the
density matrix of the full system, p = pg ® pp, under a
total Hamiltonian

H=Hg+ Hg + Hiy, (13)

where Hg and Hp denote, respectively, the free
Hamiltonian of the spin ensemble and of the bath,
and H;, describes their interaction. Tracing out the bath
degrees of freedom, the evolution of the reduced density
matrix pg is described by the Lindblad master equation
[59-61],

dp .
dits = —i[Hs + Hys.ps5] + > _7Do,lps(t)].  (14)
3
where the so-called Lamb-shift Hamiltonian Hg

is a small Hermitian correction to Hg arising from
H;,, and

Dolps(0)] = OpsO" =3 {0°0.ps}  (15)

is a superoperator that acts on the reduced density
matrix and describes the dissipative effects of the
system-bath interaction. Dissipation can occur through
multiple channels, each specified by its own operator
O, and the associated interaction rate yy.

The Lindblad equation (14) serves well under the
condition of weak coupling of the system to a large bath
with no memory and when the Larmor frequency w, is
much larger than the interaction rates. These conditions
enter the derivation of Eq. (14) at various stages via the so-
called Born, Markovian, and rotating-wave/secular

approximation, which are discussed in more detail in
Appendix C. See also, e.g., Ref. [61] for a general
introduction to the Lindblad formalism.

A. The master equation

In the case of a single spin-1/2 interacting with a
neutrino bath, the Hamiltonians of the spin system and
its interaction with the neutrinos, Hgl/ 2) and Hﬁl/ 2), are
given in Eq. (3). The corresponding Lindblad equation for
the spin density matrix in the interaction picture takes the

form

dp(sl/2)

dr

= iAo
+r (J_pé‘/ V.- % {1 d_p3 ”})
+ 74 <J+p(sl/2)f- - ;{J-h,p(sl/z)})
(AP e

where we have highlighted p(Sl/ 2 as the reduced

density matrix for a single two-level system. We refer
the reader to Appendix C for an ab initio derivation of this
equation.

Inspecting Eq. (16), we see first an energy shift due to
the A, which is a combination of the O(G), Stodolsky
effect that is present only when the neutrino-antineutrino
asymmetry is nonzero, and O(G%) terms from the
Hermitian part of the Lindblad equation. The J terms
and the corresponding coefficients y, represent the non-
Hermitian interaction of the spin with the neutrinos,
causing the spin to either excite or deexcite via inelastic
scattering, analogously to absorption and emission in
quantum optics.” The J./y, term is, on the other hand,
energy conserving and represents the effect of dephasing.
The computations of the coefficients y.. , can be found in
Appendix D. Their general forms including both neutrino
scattering and pair emission/absorption processes can be
found in Egs. (D10)-(D12), and, for y,, match the
heuristic single-spin excitation and deexcitation rates
(5) under the same settings.

The single-spin equation (16) can be generalized to N
spins, where the Hilbert space of the spin ensemble is
now ps =@V p(1/2) and Eq. (7) gives the corresponding
Hamiltonian. As we show in Appendix E, omitting the
Hermitian part, the Lindblad equation for the N two-level
systems reads

"While we draw parallels between our system and quantum
optics and introduced terminology commonly used in the latter
subject, we always use “excitation” and “deexcitation” to refer to
the effects of the CvB.
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d 1
LS Ny (J“_szi -5 {Jif/i,ps})
dr o7 2

o 1
+> 7 (J‘-’LPSJ/i k) {JZJ{}HPS}>
aff

1
e (s =S} ) )
ap

where a and f run over all the spins of the system, and the
angular operators J¢ _ act only on the spin a. The

coefficients y;’fz again encode information of the spin-bath

interaction, but now correlate the interaction at spatial
position X, to that at Xz For instance, assuming only

inelastic neutrino-spin scattering, the y’f coefficients read

d&*p &Bp L
@ = 2Ging} P / L )
}/i FﬂgA/(Zﬂ,)j& (27[)36
x 80 (wo £ p° F p°)
X [(1=Ne(p))N;(p%) + (1 = N (p))N;(P°))-
(18)
Depending on the extent to which correlations can be
maintained across spatial distances AX,; = X, — X of the
spin ensemble, qualitatively very different dynamics can

arise. Two contrasting limits are the fully coherent and the
fully incoherent regimes.

1. Fully coherent regime

Full coherence is achieved when e~ 14%a-(P=P) » | across
the whole spin ensemble, or, equivalently, when the
condition gR <« 1 is satisfied for momentum transfer ¢
and a sample size R. In this limit, the interaction coef-
ficients are effectively the same for all spin pairs. The
Lindblad equation then reduces to

d 1
%2 V- <j_st+ _E{jJrj—va})

1
+re <~7+st— _E{j—j+’PS})

1
+Yz<jzp5jz_2{\7§’ps}>s (19)

where we have introduced the collective spin operators
J+.=24J%.. This collective Lindblad equation is
structurally identical to that for a single spin and the
coefficients y, . are the same single-spin interaction rates
of Egs. (D10)—(D12). In the language of quantum optics,
these terms describe, in the order of appearance, collective
emission, collective absorption, and collective dephasing
(see, e.g., Ref. [62]). Since the system Hamiltonian is

Hg = wyJ ,, the collective dephasing term commutes with
Hg and has no dynamical effect on the observables of
interest; we will therefore neglect it in the following.

2. Incoherent regime

In the opposite, gR > 1 limit, the phase differences
across the system are large, leading to a complete loss of
coherence. This defines the incoherent regime, in which
neutrino-spin interactions are fully local. The master
equation in this case factorizes into N independent
Lindblad equations, i.e.,

dﬂs a a 1 a Ja
T Ea J’—(J—PSJ+_§{J+J—’/)S})
1
+ g y+<]‘ip5./(i—§{~’{iji’ﬁs}>

(s =S (0P ). 0

Here, each spin evolves independently under local inter-
actions with the bath, and the rates y, , are again the single-
spin rates. This local Lindblad form is general for any
uncorrelated ensemble-bath interaction and applies to a
wide class of physical systems for which the Lindblad
approximation holds. In Sec. V, we will use Eq. (20) to
model other (non-neutrino) environmental effects that
eventually drive the spin ensemble toward thermal equi-
librium in a realistic NMR experiment.

B. Dicke basis and initial states

Suppose all N spins are identically prepared and indis-
tinguishable, and experience the same interactions with the
environment. It is then convenient to use the framework of
Dicke states [63], which are eigenstates of the collective
operators J 2and J ., and form a basis for the permuta-
tionally invariant subspace of the full Hilbert space. As
permutational invariance is preserved by the dynamics of
the scenarios of interest, adoption of the Dicke basis allows
us to drastically reduce the computational complexity of the
problem, both analytically and numerically: instead of
working in the full 2V-dimensional Hilbert space, we
can restrict the dynamics to a much smaller subspace,
spanned by the Dicke states labeled by the total spin and its
projection, |j,m), where j = N/2,N/2 =1, ..., juin, With
Jmin = 0if Nevenor j;, = 1/2if N odd, and |m| < j. The
full density matrix therefore contains

N/2

np =y (2j+1) = O(N?) (21

jmin

elements. In the presence of purely coherent interactions,
where the dynamics are confined to the fully symmetric
subspace (j = N/2), this reduces further to n, = N + 1.
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FIG.2. Visual representations of collective spin states in an ensemble of spin-1/2 particles. Left: the Dicke triangle shows the structure

of permutational invariant Dicke states |/, m), including the ground state

J.—J), excited state |, j), and intermediate states such as the

superradiant state |j = N/2,0). The vertical coordinate m parametrizes the energy of the system, while the horizontal coordinate j
represents the cooperativity of the system, i.e., the degree of coherence in the system. Blue shading indicates regions of enhanced
collective effects, as determined by the expectation value of the emission rate operator (I', I"_). Center: the density matrix for the

coherent spins state (or product state) |P) in the symmetric subspace basis |[N/2,m)(N /2, m’'

,with m € (—=N/2,N/2) and for N = 30.

We also depict the excited and the ground states, which lie in the opposite extremities of the matrix. Right: Bloch sphere depiction of
collective spin states. The ground and the excited Dicke states point in the negative and positive z-directions, respectively. The product
state |P) also has a well-defined classical direction: in this figure, it aligns with +x and relates to the ground state by a /2 pulse.

The left panel of Fig. 2 illustrates the intuition
provided by the Dicke representation—commonly visu-
alized as the Dicke triangle—which organizes the
Hilbert space according to total spin j, including both
the symmetric subspace (j = N/2) and the nonsymmet-
ric sectors (j < N/2) that do not exhibit cooperative or
superradiant behaviors. When the coherence condition is
satisfied, the neutrino-spin interaction is represented by
collective, “vertical” transitions along the Dicke ladder
in steps of |[N/2,m)— |[N/2,m+1). This behavior
contrasts with that of incoherent local processes such
as dephasing, which induce only “horizontal” motion
along the j-axis of the Dicke triangle. For more details
on the Dicke basis and the effects of local interactions,
we refer the reader to Ref. [62] and references therein.
See also Refs. [64,65] for an exposition on Dicke
superradiance.

We are interested in three types of permutation-sym-
metric initial states, whose density matrices in the sym-
metric Dicke basis and Bloch sphere visualizations are
shown in the center and right panels of Fig. 2.

(i) The ground state |G) = ||)®N = |[N/2,—N/2) rep-
resents the case in which all N spins are in the low-
energy state of the splitting (pointing down in our
notation), such that the polarization is unity in the
Bloch sphere. From an experimental perspective,
such a state is called hyperpolarized, as the polariza-
tion far exceeds the thermal equilibrium expectation
(see Sec. V). Nonetheless, hyperpolarization can be
achieved experimentally for, e.g., '*’Xe-enriched

ensembles, via spin exchange optical pumping, as
planned in the upcoming stages of the CASPEr
experiment [53].

(i) The fully excited state |[E) = [1)®Y = |N/2,N/2)
has all N spins in the high-energy state of the
splitting (pointing up). Starting from a hyperpolar-
ized state like |G), the |E) state can be produced by
applying a z pulse, i.e., applying a weak magnetic
field oscillating at the Larmor frequency, until the
polarization is inverted.

(iii) The equatorial coherent spin state (CSS), or “prod-
uct state,” is defined by |P) = |0 = /2, ¢ = 0)css,
where

0. 0)css = @ (cosgm o smgm). (22)

In the Dicke basis it can be written as
|P) =", ¢mlj, m), with ¢,, = 2‘j(jif;n). This state
serves as the standard benchmark in quantum
sensing because of its resemblance to the super-
radiant state |S) = |N/2,0) [63]. It can be pre-
pared by applying a z/2 pulse to the ground state.

The preparation of a hyperpolarized ground state |G)
is critical for all three initial configurations. However,
achieving a pure state with near-unity polarization
approximating |G) may not always be possible under
realistic experimental settings. A more faithful descrip-
tion of the spin ensemble’s initial configuration should
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therefore be given in terms of a density matrix, shown
. . .. . 8
here in the Dicke basis in a generic form,

p=>_ D SUdmm)|jm)(j m|.(23)

jum j’,m’

The initial polarization of the spin ensemble prior to the
application of any pulse can then be trivially specified
via the expectation value of the collective operator

J., 1e.,

2
p=- N :——mej m) (24)

which always evaluates to |p| < 1 if the configuration is
not purely the ground (m = —N/2) or purely the excited
(m = N/2) state.

We caution however that the definition (24) of p alone
does not completely specify the effect of partial polariza-
tion on the spin ensemble. To see this, consider also the
expectation values

= mf(j,m NT

j.m

N N2
1 — 4
§JJ+)fJ, m) < R

(25)

where the upper bounds correspond to the expectations for
the ground (j=N/2,m=—-N/2) and the excited
(j=N/2,m = N/2) states. Clearly, for (J?) to be sup-
pressed relative to the optimal value we must have
admixtures of |m| < N/2 states (i.e., states along the
Dicke ladder in Fig. 2), while for (J?) to become
suboptimal the ensemble must contain j < N/2 states
(i.e., states along the j-axis in the Dicke triangle).
Crucially, neither (72) nor (J?) can be expressed in
general in terms of p as defined in Eq. (24).

We shall return to the issue of polarization in Sec. VI A,
where we numerically evaluate in the Lindblad equation
and connect our solutions with the hyperpolarization
protocols and level of polarization achievable in current
and future experimental setups.

IV. COHERENT OBSERVABLES

Given an initial state, the Lindblad equation (17) can be
solved to find the evolution of the spin ensemble. Several
observables are of interest. The most common first-order

*The complete Dicke basis should in principle include a
degeneracy label for each |j,m) state, i.e., |j,m,a), with
1 <a < dy, where d} can be found in, e.g., Eq. (5) of Ref. [66],
in order to recover the full Hilbert space. For simplicity, however,
we have omitted this label, since it does not affect our arguments.

observable is the collective magnetization, whose expect-
ation value can be constructed from (J.) = tr(psJ.), and
is related to the ensemble’s energy. At second order,
relevant observables include (72) and (72), where the
latter represents the squared transverse spin component.

Exact analytical solutions for these observables generally
do not exist. Numerical solutions, on the other hand, can
become prohibitive for large values of N. We therefore
consider first approximate analytical solutions in different
limits and under different settings in order to map out the
limiting behaviors of the system, before attempting a
numerical treatment. We discuss first in this section
approximate analytical solutions in the presence of coher-
ent neutrino effects only. Section V considers the effects of
non-neutrino “noise” from local interactions. We present
numerical solutions including both neutrino-induced coher-
ent and local noise effects in Sec. VI.

Before we delve into the solutions, we first define two
timescales that characterize the evolution of the spin
ensemble in the presence of coherent neutrino interactions.

(i) The superradiant timescale,

25\ 2
~87 x 1073 S(I?V> . (26)

characterizes the timescale for a single collective
spin-flip, i.e., the transition |j, m) — [j, m £ 1). The
numerical estimate follows from setting y.. = y3M,
where y3M is given in Eq. (6).

(i) The dissipative timescale,

25
~87 x 102 s<%> (27)

is the dynamical timescale of the system, defined as
the duration over which an O(1) change in a
collective observable such as (7.) becomes appar-
ent. This timescale also marks the end of the
coherent superradiant regime, and limits the validity
of the perturbative solution discussed below. The
numerical estimate assumes again y, =y
from Eq. (6).

tSR =
Nz]’i

ldiss =
Nyy

A. Perturbative solution

Considering the weakness of the neutrino-spin inter-
actions, Ref. [42] proposed a perturbative/iterative solution
to Eq. (19) around the initial state. Assuming only coherent
neutrino interactions are present and to linear order in ¢, the
solution reads
ps(t) = ps(0) + ty_Dy_[ps(0)] + 1y, Dy [ps(0)].  (28)
recalling the notation of Dp|p] from Eq. (15), and we have
again omitted the collective dephasing term.
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In this perturbative limit, the evolution of (7.) for an
ensemble initially prepared in the |P) state is given by

N N 1
<jz>|P> ~ = <§ + 1) (5 +§> Vnet?

N2
~ _Tynett’ (29)

with y, =y_ —7,. As already noted in Ref. [42], (7.)
benefits from an N? enhancement when the ensemble is
initialized in the |P) state. However, this enhancement is
partially offset by a suppression arising from the near
cancellation between the y, and y_ coefficients—typically
Vnet ™~ 2(muw0/p1%)yi- ~ 0(10_2 - ]0_3)yis and can be
even more strongly suppressed for smaller values of wy
and m,, as illustrated in Fig. 1.

In a similar vein, the second-order observables evolve in
the perturbative limit according to

N
(T2)p) gt YotV (N + 1)t (30)
) N
(T36) ot 27 N(N + 1)t (31)

where y,,; = 7_ + 7. Note that in the case of (J ,2(>‘G>, we
have assumed the ensemble to be prepared in the ground
state: this observable can be advantageous, as it captures
the same neutrino-induced signal as (72) py (for the m,, and

®, values considered here, 2y, ~ y,,,) but without the need
to rotate the spins to the equatorial plane.9 It is also a
quantity directly accessed by experiments like CASPEr that
measure the transverse magnetization. The perturbative
solutions (29)—(31) should remain valid as long as the
state of the system does not deviate too much from the
initial state. For the states considered in this work, we
therefore expect the perturbative solutions to hold up to
t < tgies» €ven in the case of the superradiant state.'
Inspecting the solutions (29)-(31), we note first of all
that the well-known momentum-transfer condition gR < 1
is not, by itself, sufficient to guarantee a coherent effect.
One must also select an observable suited to the given
initial state. For a first-order observable, measuring (7 ,) is
advantageous when starting from the |P) state, as the
quantum states before and after scattering are not fully

As pointed out in Ref. [67], pulse imperfections can lead to
errors in the manipulation of the collective spin.

"In the case of the superradiant state, although perturbation
theory formally breaks down at times ¢ 2 tgg [42], the coherent
effect persists up to the dissipation timescale 74, i.€., until the
system has evolved significantly away from the initial state
[N/2,0). This suggests that, even though the perturbative
solution no longer accurately describes the full density matrix,
it can still capture the expectation values of the relevant
observables within 7.

E SR B DL IR LA B B B B ""'E

oo Numerlce&l solunoAn i Fdiss = (N'Y:)i] 3

Z [ ==-- Perturbative solution ! -
o, 10%E i P
~~ 1ot i J
S . i
S ; oo /2

PEEEEETT BT ERTT BT BTSN R TTTT B SR BTSN R T BRSNS R T R
107 1075 10* 10°® 1072 10! 10° 10 107

tNYnet

FIG. 3. Time evolution of the standard deviation of the first
order observable 7, as defined in Eq. (32), for N = 10® and
y+/y— =10.997. The perturbative solution is taken from the
approximation in Eq. (32), 67 = V/N/4 + y,N*t, whereas
the numerical solution is obtained with the second-order approxi-
mation method, introduced in Sec. VIA. We highlight the
departure from the spin projection noise at t 2 t4 and the

breakdown of the perturbative solution at ¢ > (Nype) "

orthogonal. This requirement was already emphasized in
Ref. [42]. Nevertheless, coherence can also build up
dynamically through the action of collective neutrino-spin
interactions, even if the initial state has no transverse
coherence at r = 0, such as in the ground state |G). This
is evident from Egs. (30) and (31), where we have shown
that measuring (7 §>|G> produces the same coherent effect
as measuring (J?) p)-

Second, while Egs. (29)-(31) clearly demonstrate that
both the first- and second-order observables benefit from an
N? enhancement, to assess the degree of observability we
need also to consider the intrinsic quantum noise of the
states as quantified by the variance of the observable. For
the first-order observable (J) p), the variance is

szz = <k7§>|P> - <~7z>|zp>

Ry eIV + D+ 0(), (32)

=

where we have supplied at the second equality the
perturbative expression. The first, N/4 term in the second
line is commonly known as the spin projection noise
(SPN), and represents (uncorrelated) noise in the initial
state. Figure 3 displays the perturbative solution for o ;.
alongside its numerical solution (see Sec. VIA) and
illustrates that deviations from the SPN value of N/4
emerge around the dissipative timescale 74;,. Therefore, at
t < tgiss» the signal and noise scale as (7.) ~ ynN?> and
o7.~ VN, respectively, leading to a highly favorable
signal-to-noise ratio scaling of ~y,N>/2.

On the other hand, at < t4, the second-order observ-
ables (J2)p) and (J%)|g, have an intrinsic variance of
0?72 ~ N2, such that the signal-to-noise ratio scales as
~yotV. Thus, while higher-order observables may appear
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at first glance to contain more information, they do not
necessarily imply an improvement in sensitivity to the CvB
signal unless the intrinsic noise of the observable can be
reduced, for instance, through squeezing [42]. Thus, we
expect the (J_) py observable to yield the best constraint on
the CvB overdensity because of its favorable scaling with
the number of spins.

B. Steady-state solution

At t > g, We expect the ensemble to reach a steady
state characterized by saturation of the observable. This
steady state is not captured by the perturbative solution
(29)—(31), but can be found by solving the Lindblad
equation (19) in the limit pg = 0. Writing the density
matrix in the Dicke basis as pg = 3,0 P2 |j, m) (j, m'|
and assuming the stationary solution to be unique (i.e.,
p@"’" = 0 for m # m’), a recursive relation for the diagonal
elements p"" = p¥ can be obtained,

N N n
7—<§+m+1><§—m>ps+1
N N me1
+ . 3—m+1 E—i-m Py
N N .
—-7- §+m E—m—f—l Py
N N
—y+<3—m>(§+m+l>p’s”—0, (33)

for m&[-N/2—1,N/2+1], and p"/*" = pi/> —o.
Equation (33) is effectively a linear equation for the entries
of the diagonal with a tridiagonal matrix, which can be
solved iteratively for p/’, ., from which we can compute the
steady-state values of the observables via

(Tp= = mplce,
(THF> =D m .

(TG =Y GmlTjmpl. (34)

m

Note that, since we consider only coherent neutrino
interactions, the final state of the spin ensemble implied
by Egs. (33) and (34) is not a thermal equilibrium state one
would generically expect the system to tend to: for this to
happen local interactions are required, to be discussed
in Sec. V.

Figure 4 shows the late-time values of the normalized
collective observable o, = ((j§>‘c>)1/ 2, as a function of
the number of spins N. Although not shown here, we also
find that the steady-state value of (J) p, approaches the

ground-state expectation —N /2 around  ~ (Nyp. )" in the

. . ‘ . —0.9950
10%F 9l H0.9925
> 0.9900
~ 0.9875
3
T —
1) 09850 .,
7~ —
N = 0.9825
~
0.9800
10'F
[ 0.9775
L 0.9750

v " Lol " Lol " L
102 10° 10* 10°

Number of spins, N

FIG. 4. Steady-state scaling of the collective expectation value
(TJ%) |y as a function of the number of spins N, in the presence of
neutrino collective interactions only. The nine curves shown here
correspond to different values of the dissipation ratio y, /y_ as
indicated by the color scale. For a given y_ /y_, the observable
exhibits convergence at N > O(10?), with the convergence point
shifting to larger values of N as y, /y_ moves closer to unity.

large N limit, following a similar scaling behavior in N as
o,. For all observables convergence is reached for
N = O(10%), but at larger values of N in those cases where
a near cancellation between excitation and deexcitation,
Le., y, ®y_, exists.

V. LOCAL NOISE EFFECTS

Our analysis so far has focused exclusively on the
coherent interaction between the spin ensemble and the
CuB. Realistic experimental setups, however, are inevitably
subject to other, non-neutrino environmental interactions
that relax the system, i.e., drive it to a state of thermal
equilibrium, by locally exciting or deexciting the spins, as
well as locally dephasing the spin precessions. Among
these, local dephasing plays a particularly important role.

This form of noise originates from random, uncorrelated
fluctuations acting independently on each spin, due to, e.g.,
spin-spin interactions and magnetic field fluctuations, and,
phenomenologically, can be described by the operator

A /yg’ch, where « labels the individual spin. As illustrated

in Fig. 2, the key feature of local dephasing is that it acts
incoherently and forces the system to move into lower-j
sectors where collective effects such as superradiance are
suppressed or entirely lost. The relevant timescale is
ty~1/ yg’c, which is easily much shorter than the dissipa-

tive timescale f4 from Eq. (27). Consequently, local
dephasing can wash out coherent signatures induced by
the neutrino-spin interaction, effectively setting a limit on
the observable impact of the CvB.
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In a purely phenomenological approach, let us assume
that relaxation is dominated by local (single-particle)
effects, i.e., we do not model spin-spin interactions. This
simplification allows us to “repurpose” the Lindblad
equation (20) in the incoherent regime to model the
relaxation characteristics of a realistic experimental sample.
Identifying y, in Eq. (20) with the local dephasing rate yl/‘)"’
and the rates y. with the local emission and absorption
rates 9, we can tune y¥, to match the experimental
longitudinal and transverse relaxation times, 7; and T, and
the final equilibrium state.

Explicitly, starting from Eq. (20), we take the trace
tr[psJ;], with i = x, y, z, on both sides of the equation, in
order to obtain an evolution equation for the collective
magnetization (7;) in the ith direction,

d 1
L N S VAR

I
NP1 o P =000

oc 1/2 1 12
+NY:;§ tr[Jisz.(S/ >Jz_§']i{]z‘,z’p.(9/ )}}v
(35)

where J , ; are single-spin operators, and p(Sl/ Yisa single-

spin density matrix. Solving this equation analytically, we
find for the longitudinal magnetization

(To(1) = (T ) = [(T)* = (T)(0)]e™ 0750, (36)

with (7.)(0) =0,—-N/2 for the |P) and the |G) state,
respectively. The longitudinal magnetization tends to an
equilibrium value of

- N},l—gc _ 7/l_oc

T e

(37)

at a rate that can be matched to the longitudinal relaxation
time 7’| via

Tih =y +yee. (38)

Similarly, starting from the |P) state, we find the magneti-
zation in the transverse direction to be

(7,(0)) = eI (3

yielding a match

T3' =5 (8 + 72 + ) (40)

| =

to the transverse relaxation time 7.

Observe in Eq. (37) that the equilibrium magnetization
(J.)%4 depends only on the ratio y'°¢/y¢. This is a

consequence of the detailed balance condition
y'¢/y%¢ = e7P» which ensures that the ensemble
approaches the well-known thermal steady state
N
(J:)* = tanh (@) (41)

as long as all interaction channels couple the system to a
thermal reservoir at the same temperature T = 1/p.
Equation (41) also highlights the inherent difficulty in
achieving a strong initial polarization: even under cryo-
genic temperatures and extremely large magnetic fields, the
polarization remains small. Reinstating all physical con-
stants, the thermal polarization takes the form

nyB nyB
p = tanh ’ ~
2kpT 2kpT

~ 107 <%> (471() (42)

where the numerical estimate assumes the gyromagnetic
ratio y of '?°Xe nuclei. At O(1073), this estimate demon-
strates that thermal polarization alone does not suffice to
reach the strongly polarized regime, necessitating the use of
advanced techniques to hyperpolarize the spin ensemble.

As established in Egs. (38) and (40), the local relaxation
times, 7'y and T,, depend on the absolute values of the local
rates yliip. In typical solid-state NMR systems, the longi-

tudinal relaxation timescale is much larger than the trans-
verse relaxation timescale, i.e., Ty > T,. This implies
7 < y°, and the transverse relaxation time 7T is well-
approximated by the effective dephasing time set by
1/ yg’c.“ Note however that in a generic (i.e., not specific
to solid state) NMR setup, 7'y can be as small as T,. In what
follows, we model the y'2° and yj* rates according to the
ratio T, /T,, with the additional stipulation that the ratio
7' /' should reproduce the equilibrium magnetization
achievable at cryogenic temperatures.

VI. NUMERICAL SOLUTIONS

Having discussed both coherent neutrino and incoherent
local effects, we are now in a position to explore a more
complete, numerical solution of a master equation that

"In standard NMR terminology, the experimentally observed
dephasing time is denoted 7 and includes contributions from
magnetic field inhomogeneities and chemical shifts. In contrast,
T, refers to the intrinsic dephasing time due to dipolar spin-spin
interactions, and typically satisfies 7, > T7. For our purposes,
we do not distinguish between 7, and T3, but adopt the
convention T, = T3 = y;l, which we always use to refer to

the actual (measured) dephasing time.
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accounts for both effects. The strong separation of time-
scales established above, T, < T, implies that coherent
effects such as those induced by neutrino-spin interactions
are primarily limited by local dephasing. However, because
our observable of interest, (7 z>‘ p)» experiences longi-

tudinal relaxation, we must also account for the effects
of T, particularly on the correlations of the signal between
different times. Therefore, a minimum master equation
that should capture the essential behaviors of the system
would read

dp
=5 = r-Dg_lpsl +v+Dy lps]

dr
+ 7‘“21% lps] + Y]OCZDJ“ [ps]
+ VE)CZDJ;I [ps]
= L{ps(1)}, (43)

where L is the Lindblad superoperator of this system, and
we remind the reader that y, are the CuvB-induced exci-
tation and deexcitation rates, while 7' and y}}g’c are the local

absorption/emission and dephasing rates.

Given Eq. (43) and assuming the CvB-induced excitation
and deexcitation rates are tunable by an overdensity factor
5, ie.,"

v+ RS, yM, (44)

we can now identify three distinct dynamical regimes
defined by the competition between collective neutrino-
induced interactions and local dephasing, in the limit
where 71 > T,.
(1) Coherence-dominated  regime: ~ When  y. >
vy¢~T;', coherent effects dominate even at the

single-spin level, keeping the dynamics well confined
to the symmetric subspace. The system exhibits
collective behaviors with enhancement scaling

The overdensity parameter J, is strictly speaking not an
independent parameter, in the sense that other characteristics of
the CvB must also change when §, is varied. For example,
enhancement of 5, due to local gravitational clustering generally
results in a larger typical momentum [3]. For excessively large
values of §, (e.g., ~10'!, such as the current KATRIN §, limit
[34]), physically consistent modeling can in fact lead to a signal
that is completely different from the §, ~ O(1) case [68]. We
nonetheless adopt the definition (44), first in order to facilitate
comparison with constraints and forecasted sensitivities in the
literature that have been derived under similar assumptions.
Second, for extremely large values of §,, there is also no
model-independent way to consistently relate o, to other CvB
properties. Consequently, the interpretation of §, must be limited
to a mere characterization of how away an experimental tech-
nique is from achieving detection, rather than a necessarily
physically meaningful measure of the local CvB overdensity.

6_ T T T MR | T T
Q 5F Coherence-dominated, . > 714,“ -
~
> 4 :
< Nl Intermediate, 7. < 'ylii |
~ Nyt > Yo
N =
2 - -
~—
1*. AT R Ll NPT Ll P
1073 1072 1071 100 10! 102
tN7y_
FIG. 5. Time evolution of collective spin variance (72). We

highlight three distinct regimes: (i) coherence-dominated
(ye > 7/1°°) where collective dynamics are preserved; (ii) inter-
mediate (7. << 7°, but Ny, > y), where partial coherence
remains; and (iii) dephasing-dominated (Ny, < y"’c) where

local noise suppresses collectivity. Time is scaled by Ny_, and
the spin variance is shown in units of N/4 for N = 100.

as ~N?, providing optimal conditions for signal-to-
noise amplification. This regime is depicted in blue in
Fig. 5 andis unattainable in realistic experiments under
realistic dephasing, unless o, is very large.

(i) Intermediate regime: In the case y, < 7/1°° but
Ny, > yl"c is still maintained, 1nd1v1dual spins

are dominated by local dephasing. Yet collective
effects are stronger in the global dynamics. Thus,
collective effects remain observable, even while
symmetry is partially broken by local noise. This
regime is depicted in Fig. 5 in green, highlighting a
complete suppression of the coherent signal only at
t ~y7!. The intermediate regime is also the most
relevant experimentally for detecting weak collec-
tive signatures under realistic dephasing, although
an enhanced &, > O(1) will still be necessary.

(iii) Dephasing-dominated regime: When Ny, < }/}gc,

incoherent processes dominate over the collective
interaction. In this regime, the system rapidly
departs from the symmetric subspace, the signal-
to-noise ratio saturates well below unity, and sensi-
tivity to the neutrino—spin interaction is effectively
lost. This region, shown in orange in Fig. 5, corre-
sponds to the case of a standard CvB, where
8, ~ O(1) is the generic expectation.

In the following, we first solve Eq. (43) in Sec. VI A
numerically by way of an efficient method that tracks
explicitly the observables of interest: we call it the
“second-order approximation” because of a truncation
that needs to be applied at second order. This is to be
compared to a complete numerical solution for the full
density matrix pg, whose details can be found in
Appendix F. In Sec. VIB we apply the same method to
investigate the evolution of the two-time correlation
functions under Eq. (43), which will be used later in
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Sec. VII to form the covariance matrix that quantifies the
theoretical uncertainties in the observables.

A. Second-order approximation

While it is possible to numerically solve the Lindblad
master equation (43) at the level of the density matrix for a
system of N spins, it can quickly become impractical or
even intractable for values of N larger than about 100 (see
Appendix F). Rather than dealing with the full density
matrix, then, we shift the focus to tracking just a handful
physically meaningful quantities.

Specifically, as was done in, e.g., Refs. [66,69], for the
case of Dicke superradiance and also touched upon in
Sec. V, we construct differential equations from the master
equation (43) directly for the expectation values of the

G = £l -7 F A+ [R5 |

G ==X + (D F W= DT - N =7 - B -

relevant observables, namely, the collective magnetization
(T ), (T?), and (J2). This is akin to tracking the moments
of a continuous system, which is widely used in many
different fields. However, differential equations thus con-
structed generally do not form a closed system, in the sense
that the equation of motion for, e.g., (7.) depends on a
higher moment (72), whose own equation of motion
depends in turn on (73), and so on, giving rise an infinite
hierarchy of coupled equations. To solve the system,
therefore, one needs to truncate the hierarchy at a chosen
order [66].

Here, we opt to truncate the hierarchy at second-order.
For the observables (7.) and (72), this means we adopt
the closure conditions (73) ~ (J.)(J?) and (J.J%)~
(T )T?) to arrive at [66]

N
2

2

%U?) =Y 72[(T%) =3(T2) F (T2) F ATNITD £ 2T NI
+

Y [2<J%> = (V= 1)(7.)
+

Note that our closure conditions are by no means unique
and other choices exist. For example, closure can be
achieved alternatively by demanding that all cumulants
(i.e., connected pieces of the moments) vanish at third order
and above, e.g.. (J2) =3(TINT) +2(T.)° + (T2)es
where (73), is the connected piece to be set to zero.
We observe however that all closure-dependent terms in
Eq. (45) are proportional to y,., and vanish in the limit
7net — 0. Indeed, given the small y,; < y in our scenario,
we have verified that adopting a different closure condition
(e.g., the cumulant truncation scheme mentioned above)
has no discernible impact on our numerical solutions within
in the time range of interest (i.e., t < T,) even for extremely
large N values.

1. Initial conditions including partial polarization

As discussed in Sec. III B, in experimental settings spin
ensembles are prepared in a hyperpolarized configuration
that approximates the ground state and, if need be, rotated
to the desired orientation by applying an appropriate pulse.
Common hyperpolarization protocols such as spin-
exchange optical pumping achieve close-to-unit polariza-
tion by way of spin excitation and deexcitation processes
that can be modeled as local interactions. See Appendix G

- ﬂ . (45)

for details. Thus, in order to establish the initial conditions
of a partially polarized spin ensemble prepared in the
aforementioned manner, we can simply take Eq. (45)
assuming only the local rates y'%° are nonzero, reinterpret
these rates as the excitation and deexcitation rates y?"*" of
the hyperpolarization technique in use, and compute the
corresponding steady-state solutions for (7.) and (72).

These solutions then serve as initial conditions for the
partially polarized “ground state,” which read

(T(0))6) = %, (T20)6) = % n wl,{
<jz(o)>:3TN+wp2’ (46)

where we have used (J?%) = (J2)+ (J3) +(J%) =
N/2+(J?), and

hyper __ hyper
_ 7= vy
P = hyper hyper (47)
Y2 vy

is the initial polarization of the ensemble expressed in terms
of the rates of the hyperpolarization method. See also
Eq. (37). If on the other hand we wish to initialize in a
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FIG. 6. Time evolution of (7 ) from the initial state |P), in the
presence of neutrino collective interaction only, with
y+/y— =10.95. The solid blue, green, and gray lines denote
our numerical solutions of the Lindblad equation (43) using the
second-order approximation (45) for N = 10%, 10%, and 10?2, In
the case of N = 10%,10° (blue and green), the second-order
solutions are compared with the full density matrix solutions
displayed in long-dashed lines of the same colors, and show
excellent agreement. The perturbative solution (29), represented
here by the red short-dashed line, reproduces the large N

numerical solution well at < (Nype) ™"

product statelike configuration, a z/2 rotation of the
coordinates should be applied to Eq. (46) to get

N

(J:(0))1py =0, R

(T20))py = (48)

while (7?) remains the same under rotation. Then,
together, Egs. (45) and (46) or (48) form a closed set of
equations that completely determine (7.), (J2), and (J?).
To obtain approximate numerical solutions for the trans-
verse observable (J2), we supplement the differential
equations (45) with an additional equation of motion for
the non-Hermitian variables (7 ;) = (J,) £i(J,), ie.,

d
5<~7¢>:7—

—~

T NT+) = 7+<«7z><~7¥>

(ree + 75 +rg) (T o), (49)

| =

where we have applied the closure conditions (7,7 .) &
(T NT.) and (J.J_) ~ (J.)(T_). Here, we are inter-
ested in a spin ensemble initially prepared in the
ground state |G), such that the initial conditions are
(J+(0));6) = 0. Then, a solution for (J3) can be con-

structed from

— T T
100__— Neutrinos only

F = Neutrinos + dephasing

[ = Relaxation + dephasing
10~ 1 = Neutrinos + relaxation + dephasing

03] (@

10~4E 3
Fdiss tNYnet
1075 i L MEEETTY BRI BRI R ......;
103 1002 100! 100 10! 10? 10°
tN7y_

FIG. 7. Time evolution of (7.) from the initial state |P) in the
presence of neutrinos and local interactions. The black curve
shows the evolution with neutrinos only, as in Fig. 6. The red
curve includes local dephasing effects with y},‘,’c = Ny_, such that
t4iss coincides with T,. In this case, dephasing suppresses the
superradiant neutrino interaction, resulting in a neutrino-induced
relaxation characterized by y,/y_ =0.99. The green curve
includes both dephasing and relaxation effects specified by
Yo /y¢ =0.995 and T, = 10T, (ie., 7%+ y° 20.057/1;,’“ .
The latter effect leads to the equilibrium magnetization (7 .)
defined in Eq. (37). Finally, the blue curve represents the
evolution of (7.) in the absence of neutrinos. All solutions
have been computed for N = 10° using the second-order
approximation.

(T3) =24T%) = 26T + (T NT-) +{TNHT+). (50)

where (J2), (J?%), and (J.) are solutions of Eqgs. (45)
and (49).

Figures 6-8 show the numerical solutions obtained from
the above equations of motion under different settings,
which we discuss in more detail below.

2. The ideal case: No local noise and perfect polarization

We consider first the case in which there is no local noise
and the polarization of the initial state is perfect, i.e., p = 1.
Figure 6 shows the solutions for the collective observable
(J.) under these settings for several choices of N. These
are contrasted with numerical solutions of the full density
matrix for those choices of N values where a full numerical
solution 1is tractable. Details of the full density matrix
solution can be found in Appendix F.

Remarkably, where the full density matrix solution can
be found, the second-order solution is in excellent agree-
ment with it at all times. This agreement follows from the
small y,; < 7+ of our system, where, as discussed above,
the hierarchy of Eq. (45) becomes exact and independent of
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FIG. 8. Left: time evolution of 02‘77 starting from the product state |P) (green lines), and from a state with an initial 10/50%
polarization in the z-axis (blue/red lines), with y, /y_ = 0.95. In all cases, we illustrate in dashed lines the impact of local dephasing at a
rate ylﬁc = Ny_. Right: similar to 62j7, but for (J2) starting from the fully polarized ground state |G) (blue lines), and from a state with

30% polarization in the z-axis (orange lines). We have set y, /y_ = 0.997, and assumed local dephasing at a rate yz‘;c = Ny_ for the

dashed lines.

the truncation scheme in the limit y,,, — 0, and indicates
that the second-order method is indeed a reliable way to
obtain predictions for the collective observables.
Importantly, the method remains valid for arbitrarily large
N values—N = 10?2 in this figure—at no additional cost in
terms of computational runtime or memory relative to
the small N case. In contrast, the computational cost of
numerically solving the full density matrix scales as o« N3,
and becomes prohibitively expensive even on modern
computers when N = 10*. For completeness, we also show
in the same figure the perturbative solution (29). Evidently,
our numerical solutions are well approximated by the
perturbative solution at ¢ < (Ny,e)~™', especially for large
N values.

3. With local noise and partial polarization

Having established that the second-order method is
reliable, we now use it to investigate more realistic cases
in which local noise is present and the polarization of the
initial state may only be partial.

Figure 7 illustrates the impact of nonzero dephasing on
the observable (7.) for a large system size N (red curve).
As shown, dephasing suppresses the growth of (7 ,) at late
times. In this example, the suppression begins around the
dissipative timescale f4;, due to our specific choice of
local dephasing rate, yg’c = Ny_. Different choices for this

rate would lead to alternative behaviors, as previously
demonstrated in Fig. 5. While dephasing does not directly
alter the dynamics of (7.), it inhibits the coherent
dissipation mediated by neutrino interactions. This dis-
sipation then drives the system toward its own equilibrium
value, given by (7J.) = —(N/2)Vnet/Vior in the limit
T) = oo.

Finite 7’| effects are introduced via the local emission
and absorption rates ' in the master equation. We select a
ratio 7'9°/y1°¢ = 0.995, corresponding to an equilibrium
polarization of approximately peq ~ 10~3—a value achiev-
able at cryogenic temperatures. The strengths of the local
relaxation processes are chosen such that 7 is ten times
longer than 7,, and we allow this ratio to vary in the
forecasting analysis in Sec. VII. The blue and green curves
in Fig. 7 show the effects of local relaxation and dephasing,
with and without superradiant neutrino interactions,
respectively.

Figure 8 shows the variance 0?77 of 7, and the transverse
observable (/7). Here, in addition to demonstrating the

effects of local dephasing, we also show how partial
polarization affects the time evolution of the observables.
Clearly, in the presence of dephasing, the variance

0?71 shows minimal growth unless p > 0.1. In the

case of <J,2C>‘G>, the polarization requirement is even
stronger—p > (.3—although, as discussed in Sec. IV,
we do not expect this observable to be competitive against
(J2)|p)- This result therefore highlights the importance of
polarization for the purpose of CvB detection. For instance,
a liquid methanol-based setup [53], with a polarization of
order p ~ 107>, is currently insufficient for NMR experi-
ments to target CuvB effects. More generally, thermal
polarization levels achievable at typical experimental con-
ditions—O(10~3) for '?’Xe from Eq. (42)—remain too low
to yield detectable signals. Advanced polarization tech-
niques are thus essential to this venture.

B. Two-time correlation functions

We envisage a future experiment that measures an
observable, e.g., (J Z>‘ p)» at a series of time points. To
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estimate the sensitivity to the CvB overdensity param-
eter of such an experiment, besides the observable’s
variance o%(f) at each time 7, we will also need its
covariance o*(t,t+17) at two different times. This
covariance can be constructed from the two-time cor-
relation function, generally written as (O, (1)O,(t + 7)),
where O, and O, are two operators that act only on
the spins.

Following the quantum regression theorem [70], the two-
time correlation function can be computed as

(01(1) 0y (1 + 7)) = trlpso, (1 +7)0,(0)].  (51)
where the modified density matrix pg., is defined at 7 via
ps.0,(t) = ps(t)O;(0). The evolution of pg., (¢ + 7) from ¢
to t + 7 for 7 > 0 is governed by the same Lindblad master
|

IO i+ 7) T+ ) -

Z £ r2[{
+ Z + yloc |:
Z},loc

d 2
0T+

(DT +) + 5

()Tt + 1) +(T()T2(t+ 7)) F

equation (43) used to compute our observables but for a
change of the time variable  — 7, i.e.,

S psiot+9) = Llpsoi+0),  (52)
where L is the Lindblad superoperator of Eq. (43). A more
detailed discussion about this equation of motion and the
construction of two-time correlation functions can be found
in Appendix H.

Since our main observable is (J.)|p), we are particularly
interested in the two-time correlation function
(T.(1)T.(t +7)). Following the second-order method of
Sec. VI A—or, equivalently, using the correspondence
between Eqs. (H8) and (H9) in Appendix H—a hierarchy
of differential equations can be constructed from Eq. (52) to

describe its time evolution, namely,

(T T2t + 7)) F(T(DT (1 + )]

7.0)].

(N =1)(T-()T (1t +7)) = N(T-(1))]

e [<Jz<t>ﬁ<r #1) =TT+ ) = 5 (7.0

d
— (T, () T3 (t + 7)) Z)’i

= (1+2)) =3(7

(T2t +7)) F

(T T (1 + 7))

FUAT(OTHt+ )T (1 +2) £ 2T ()Tt + 1)) (T (1 + 7))]

S

where we have truncated the hierarchy by approximating (7.(f)J73(¢ +
(T()T*(t+ )T (t + 7)), with (T, (t+7))

(T()T (t+ 1) Tt + 7)) ~

DT+ ) F (V= DT+ ) - 51700

(53)

) AT T2 (1 +7))(T:(t + 7)) and
= tr[ps(t +7)J.]. We also remind the

reader that the time variable here is 7, and the function (7(z)) which appears in all three equations above does not

evolve with 7.

Equation (53) can be solved from any time point ¢ in the duration of an experiment, given the “initial conditions” at 7 = 0,

(T:(1), (T2(1)), (T*(1)T

conditions amount at t = 0 to

(T2 =
(7

(T:(0)py = (T(0)T

0)py =

(1)), and (J3(t)). For a spin ensemble originally prepared in the |P) state, these initial

(72(0))p) = 0. (54)

For ¢ > 0, on the other hand, (7. (¢)) and {7(¢)) can be obtained directly from the solutions to Eq. (45), while we use the

same solutions to approximate (7>(t)J,(t)) ~

(T2ONT (1)) and (T2(1)) ~

(T:())(TZ(D))-

We are particularly interested in the covariance of the observable (J ) p, at different times, i.e., the connected piece of the

two-time correlation function, defined as
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FIG. 9. Time evolution of the covariance of J,, i.e., the
connected piece of the two-time correlation function,
azjr(t,t—b—r), defined in Eq. (55), for # = 0. The correlation
decays away on a timescale specified by T; = 1/(y%° + y'%) as
predicted in Eq. (57), while the dephasing timescale 7, does not
play a role. All solutions have been obtained from solving
Egs. (53) and (56) for N = 10°. We observe however that they
agree with the full density matrix solution at the 0.1% level.

o (.1 +7) = (T ()T (t + 7)) = (T ()T (t + 7))
=07 (t+71.1), (55)

which we will use in Sec. VII to characterize the theoretical
uncertainties in the observable. This connected piece can be
obtained from the solutions of Eqgs. (45) and (53) for every
pair of (¢, 7+ 7). It is however also possible—and instruc-
tive—to construct an equation of motion directly for
aéz(t, t 4 7) from Egs. (45) and (53), which reads

LTI+ 0) — (T (O)NTH 4 7))

dr
—(T() T2t + 1)) +{T (T2t + )]
— (Yot + 7 + ylfc)o‘zyz(t, t+1). (56)

Where the « y,. terms are suppressed relative to the
(Yiot + 7' + y‘fc) term, this equation of motion is solved
approximately by

5?7: (1‘7 t+ 7;) — szz (t + 7, [) ~ 0?7: ([)e‘(?’thrY]_"C‘H’lfC)‘r

~ oY (1)e~ =72z, (57)
where we have used y.. < 7% at the second equality, and
o-zjx (1) = (J2(1)) = (J.(1))? is the usual variance at time ¢
also defined earlier in Eq. (32).

Figure 9 shows the time evolution of the two-time
correlation function azjv(t, t+ ), obtained from solving
Eq. (53), for N = 10 and # = 0. In the case 7' = Ny_

(dark blue solid line), we see an exponential decay at a
characteristic time 7 ~ 1/(2Ny_) ~ 1/(y° + y'°¢), while in
the absence of local emission/absorption the correlation
decays at 7~ 1/(2y_) = 1/, due to neutrino dissipation
alone, confirming the analytical estimate (57). Observe also
that local dephasing effects do not influence the decay in
the longitudinal correlation. This is primarily a conse-
quence of the small y,, in our scenario, which inhibits the
effects of yjp° on the evolution of ¢ . Lastly, while Fig. 9
presents the numerical solutions for ¢ = 0, the two-time
correlation for other choices of ¢ exhibits the same decay
behavior, as suggested by Eq. (57).

VII. FUTURE CONSTRAINTS ON THE CvB

To assess the sensitivity of future experiments to col-
lective effects of the CuvB, we consider an idealized NMR
experiment using polarized '*Xe nuclei, as envisioned in
future stages of the CASPEr experiment [53]. 1*Xe is a
noble gas isotope with a nuclear spin of / = 1/2, making it
naturally suited to modeling as a spin-1/2 system. In liquid
form xenon has a density of p = 2.94 g/cm?, which gives

nye =~ 1.35 x 10*> cm™ (58)

as the number density of xenon nuclei given an atomic
weight of A,(Xe) = 131.29 [71]. Assuming 100% isotopic
enrichment of '2Xe can be achieved, we use the same
number to approximate the '>’Xe spin density n,.

The gyromagnetic ratio of '>’Xe is approximately
Yxe = 11.8 MHz/T, which gives a maximum energy split-
ting of wy ~ 5.8 x 1077 eV for a maximum magnetic field
strength of B, = 12 T. For a fixed neutrino mass, the
CuB-induced net interaction rate ypq o 1—y,/y_~
2m,w,/ p? generally increases with @y, as also shown in
Fig. 1. However, @, cannot be made arbitrarily large: for
the typical momentum transfer gy, ~ wym,/p,, the coher-
ence condition must eventually break down when gy,
reaches ~R~!. Then, setting the coherence limit at
GypR < 1 immediately yields an upper bound on the
energy splitting @y < p,/m,R. Thus, in our modeling,
the optimal energy splitting is determined by the smaller of
the maximum value achievable in the laboratory and the
coherence limit, namely,

. Pv
X = min B, ...——], 59
0 (yXe max m1R> ( )

where we have set m, = m;. Assuming the normal hier-
archy, this choice of m, gives the largest possible value of
of, leading to the best sensitivity to dv.

As already mentioned in Sec. III B, the preparation of
the ground state, with all spins aligned along the magnetic
field direction (i.e., the —z-direction in this work),
can be achieved via spin-exchange optical pumping.
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This technique is commonly used to hyperpolarize noble
gases like xenon [72,73] and can reach polarizations up to
90% [74]. Notably, hyperpolarized *Xe exhibits excep-
tionally long transverse relaxation times, with values
estimated to be up to 7, ~ 1000 s [53,72]. After the nuclear
spin ensemble has attained the desired polarization, a
coherent spin (product) state can be prepared by applying
a resonant z/2 radio-frequency pulse at the Larmor
frequency. This effectively rotates the collective spin vector
into the equatorial plane (see Fig. 2), thereby allowing us to
use the (J;) py observable to constrain collective neutrino
effects. Under certain conditions, the longitudinal relaxa-
tion time 7'; can also be long, e.g., T'; = hours for solid-state
129Xe [75]. In the following we take T,/T, = 10, which
corresponds to a value 7 ~ 2.8 hours for T, = 1000 s,
modeled according to Egs. (38) and (40).

A. x? analysis

To estimate the sensitivity to the CuvB overdensity
parameter 6,, we simulate a mock experimental dataset
T .(1;) of a fiducial model that does not contain the coherent
neutrino signal,13 comprising Ny, Measurements at 7,
discrete time points sampled from #; = 1/f; to t, = T>.
The sampling frequency is fixed to f; = 14.3 kHz, in line
with the most recent CASPEr setup [53]. Then, assuming the
likelihood function (i.e., probability of data given a theory)
to be Gaussian, we can define a y?-statistics via

Zz(éb) = Nshols Z di[C_l]ijdj’ (60)
ij

where C is the covariance matrix to be defined below, and

di = <jz(ti;5u)>|P> - <\A71(ti>>|P> (61)

is theoretical prediction minus the mock data at time ;.
The theoretical prediction (J(#;;8,))p) includes neu-

trino effects tuned by the overdensity parameter 6,. To

ensure consistency, we take (J.(#;6,))p from the

numerical solutions of Sec. VI, with the time variable

rescaled by a factor (2p,R)? to account for partial coher-

ence in the 2p, R > 1 regime (note that the local rates ylio" f)

must also be simultaneously rescaled by the same factor in
order to preserve their effects). For the mock data j Z(tl-),

BA precessing transverse magnetization can in principle
induce a current in the detection coil and generate a feedback
magnetic field that accelerates the decay of the magnetization.
This effect is commonly known as radiation damping and may
exhibit a collective behavior scaling. In this work, we adopt a
fiducial model that does not include such collective background
effects, which can be justified under certain conditions [76]. A
full modeling of the experimental environment lies beyond the
scope of this study.

on the other hand, we assume for simplicity that they
coincide with the expectation value (7 -(;))|p) under the
fiducial model (i.e., without neutrino effects), as given by
Eq. (36) with y'° z0.026y£/‘;c and y'°¢/y¢ = 0.995 (i.e.,
blue line in Fig. 7).

The covariance matrix C;; = Cj; is given by

Cij= C?} + G%QUID(Sij’ (62)

and includes contributions from the total instrumental noise
o%QUID, as well as the theoretical covariance of the model
including neutrinos,

szz(ti;éz/)’ i=].
Cl = § 07 (6:8,)e” N0 i< o (63)
o (1:8,)e U= HN=t) i >

where of%(ti; 8,) is the theoretical variance of 7., and we
have used the approximation (57) for the two-time corre-
lation functions o7 (1;,1;;6,) in the off-diagonal (i # )
entries. Again, we take o7 (7;;6,) from the numerical
solutions of Sec. VI, with a rescaling factor (2p,R)?
applied to the time scale and the local rates ylj‘t’f¢.

The total instrumental noise, which we refer to as
“SQUID noise,” includes intrinsic SQUID contributions,
thermal (Johnson-Nyquist) noise from the input circuit, as
well as other noise sources originating from, e.g., the readout
strategy. These noises are assumed to be random, uncorre-
lated between independent measurements, and uncorrelated
with the signal. We model their total variance as

N
0§QULD = Z]:SQUIDv (64)
so that the ratio
Psqum
F SQUID ~ (:PN (65)

quantifies the ratio of instrumental noise relative to the spin
projection noise. The SQUID and SPN power spectral
densities, Psquip(f) and Pep(f), are specific to the
experimental setup. For the CASPEr experiment [53], we
estimate that Fgqump ~85. In the following analysis,
however, we shall retain Fgqouip as a free parameter.

14Using the specifications given in Ref. [53], we estimate that
at f = 1.2 MHz (corresponding to B = 0.1 T for '*°Xe), the
SQUID spectral density is approximately independent of fre-
quency and takes on the value of Psqup ~ 10712®3/Hz. The
SPN power is on the other hand Pgpy ~ 1.2 x 10714®3 /Hz.
Combining these numbers per Eq. (65) yields Fgqump ~ 85.
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FIG. 10. Projected sensitivity to the CvB overdensity parameter
0, as a function of the lightest neutrino mass m;, assuming
normal ordering. The two blue solid lines correspond to realistic
experimental setups planned by the CASPEr experiment [53],
with partial polarizations p = 0.3 and p = 1, a sample radius
R =1 cm, a SQUID noise-to-SPN ratio Fgquip = 50, and the
fiducial value T,/T, = 10. The blue dashed lines represent the
sensitivity to §, of an idealized spin-projection-noise-limited
experiment, working at the standard quantum limit, with perfect
initial polarization (p = 1) using a 10 cm-radius spherical sample
of 12°Xe, for several choices of the ratio T,/T,. In all cases we
assume an effective coherence time of T, = 103 s, Ny, = 10°
repeated measurements, and an optimal energy splitting @
according to Eq. (59) for all values of m;. All exclusion
projections have been derived at 90% confidence level. We
additionally show the regions excluded by the 90% CL KATRIN
bounds on the CvB overdensity [34] (horizontal gray region) and
the neutrino mass [35] (vertical gray region).

B. Forecasted constraints

By construction, the y? of Eq. (60) is automatically zero
when 9, = 0. Then, to determine an upper limit on 6, we
simply need to find the smallest value of §, that satisfies

X7 (8,) > A%, (66)

where Ay? =2.71(3.84) corresponds to a 90% (95%)
confidence level for one degree of freedom.

We consider first the best possible constraint on J,. This
can be achieved by assuming perfect polarization p = 1
and an optimal splitting energy wy; as defined in Eq. (59). In
this idealized scenario, we find that a 10 cm-radius
spherical sample of '??Xe nuclei would be able to constrain
the CvB overdensity at

oF < 1.7 x 10", 90% CL, (67)
for the normally ordered > m, = 0.15 eV benchmark
scenario. The limit assumes a coherence time of
T, =10%s, T, = 10T,, and Ny = 10* along the lines
of Ref. [42], and is comparable to the estimated sensitivity
quoted therein (which assumes hydrogen spins) within an
order of magnitude. At face value, such an optimistic
sensitivity appears uncompetitive against the current
KATRIN limit on the neutrino overdensity of 5, < 10!!
for the benchmark scenario (but may be marginally better
for a small range of neutrino masses, depending on the ratio
T,/T,; see Fig. 10). Note however that this conclusion may
change if the system achieves at least an O(10) value in
squeezing [76].

Realistic NMR experiments face even more limitations:
imperfect initial polarization, smaller sample volumes, and
instrumental noise. Assuming an experimental setup likely
to be realized by CASPEr—instrumental-noise-limited and
using a smaller sample volume of V ~ R* ~cm3—the
sensitivity to ¢, reduces significantly to

2
SCASPEr < 53 5 1013 (%> , (68)
p

at 90% confidence level, again for the normally ordered
> m, = 0.15 eV benchmark.

Figure 10 shows the dependence of the projected 6,
sensitivities on the lightest neutrino mass m;, assuming
normal ordering. From m ~ 0.05 eV up to the KATRIN
neutrino mass limit <0.45 eV [35], future setups following
the specifications of CASPEr will be able to set limits of
5, < 10>~ 10", depending on the SQUID noise floor and
provided that the initial sample polarization reaches O(1)
values. Because the sensitivity to §, increases with neutrino
mass for m; 2 0.05 eV, our forecasted CASPEr constraints
are generally better than the benchmark value (68) for
larger neutrino masses.

For m; <0.05 eV, the mass dependence in the rates is
lost, and the sensitivities to &, asymptote to §, ~ 10'3. On
the other hand, while the m; dependence also drops out in
the optimistic (R = 10 cm) constraint at very small masses,
we still observe a somewhat favorable scaling in the range
m; € (2% 107%,3 x 1072) eV. This arises because, for a
larger sample size R = 10 cm, the optimal energy splitting
can be tuned to higher values and only reaches the ceiling
imposed by the maximum magnetic field B,,, at around
m, ~ 1073 eV. The effect of this ceiling can be clearly
discerned in Fig. 10, where the optimistic sensitivity
plateaus at a value of 5, ~ 5 x 10'° for m; <1073 eV.

We display in Fig. 11 the parametric dependence of the
experimental sensitivity to §, on the system size R and the
transverse coherence time 7, in the SQUID-noise-domi-
nate regime (i.e., Fsqump >> 1). As can be seen, when the
condition p,R < 1 is satisfied, the system is in the fully
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Parametric dependence of the experimental sensitivity to the CvB overdensity parameter o,. Left: dependence on the spin

ensemble radius R. Here, we illustrate that, despite a weaker scaling at large R, choosing the optimal energy splitting w§, as given by
Eq. (59) for a fixed radius R, yields a better sensitivity to d, than choosing a fixed splitting with B < 1 T. See the main text for a detailed
explanation of the scaling behaviors with R. Right: dependence on the transverse coherence time 75, for both a quantum-limited
experiment and a SQUID-noise-dominated experiment with Fgqump = 50.

coherent regime, where the interaction rates ', scale as
o R®. Taking into account the scaling of the total uncer-
tainty, ¢ o« N'/? o R3/2, this leads to a scaling of R=%/? for
the §, sensitivity. This behavior applies to both a fixed
energy splitting and the optimal case, since the optimal
splitting here is effectively constant and determined by the
maximum magnetic field achievable in the experiment. As
the radius increases, coherence is eventually lost around
R~ p;! except in the forward direction, resulting in a
reduced interaction rate that scales as ' « R* and hence a
8, constraint scaling of R™/2. This scaling remains the
same even at p,R>1 in the case of a fixed energy
splitting.

In the case of optimal splitting, however, a change in the
scaling behavior occurs around R ~ 0.5 cm for '??Xe spins.
This transition arises because, at these radii, values of the
magnetic field required to tune yB,,, to the optimal value
p,/(mR) are achievable experimentally. As such, the
energy splitting @, becomes dependent on R, which leads
the net rate y,o ~ (2m o/ p2)y. itself to directly scale
with R~! at the optimal w,. Combined with the loss of
coherence at p,R > 1, the collective net interaction rate
here scales as o« R*. Consequently, the sensitivity to &,
scales as R=>/? in this regime. Note that, had we used a
different target material with a different gyromagnetic ratio,
the transition in the scaling behavior would occur at a
different value of R.

In the right panel of Fig. 11, we present the T, scalings.
In the standard quantum-limited scenario, where SQUID
noise can be suppressed, the sensitivity to &, scales as 75 .
For a fixed total integration time ¢, this is equivalent to the
standard sensitivity scaling of /fT5. In contrast, when
uncorrelated SQUID noise dominates the uncertainties, we

-3/2

observe a more favorable scaling of 6, o< T,/ ~. In the case

of T, we find a scaling of &, (T, /T,)~"/2. Scaling with
other parameters can be straightforwardly deduced from
Eq. (60). Combining all information, we find that the
sensitivity to o, in the SQUID-noise-dominated regime
scales as

—3/27=3/2 2 ~1/2 5 12
0, « ng / T, / Nsho/tsp Z‘FS/QUIDr’ (69)

where r denotes the R dependence from Fig. 11, which can
be parametrized as

R_9/27 R 5 pljl’
r = R_S/z, R = p;l, if w(’; = 7XcBmax’ (70)
R Rz p;'. if of =p,/(mR).

This shows, as expected, that the sensitivity to J, improves
for larger sample sizes and higher spin densities, as well as
longer coherence and measurement times. The sensitivity
is, however, expected to degrade quadratically with imper-
fect polarization and is further limited by instrumen-
tal noise.

Finally, it is worth mentioning that one could also
constrain §, using the second-order observable (7 §)|G>.
While this observable has the advantage of probing a
CuB-induced signal without requiring spin rotation into the
equatorial plane, its signal-to-noise ratio scales as ~y,N,
as pointed out in Sec. IV. As a result, it provides a weaker
sensitivity to 8, compared to (J_)p) for spin ensembles

with N = (Vir/7net)? = 10°. Indeed, even in the optimistic
R = 10 cm scenario, the sensitivity of (7 ,%)|G> to the CMB

overdensity is only &, = 10%°, about ten orders of magni-
tude weaker than what can be achieved with (J) p).

z
Z
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VIII. CONCLUSIONS

We have investigated in this work the dynamics of large
spin ensembles interacting with the cosmic neutrino back-
ground, with a particular focus on identifying the con-
ditions under which coherent collective effects—scaling as
N?, where N is the number of spins—can amplify the signal
from an otherwise extremely weak neutrino-spin coupling.
Such collective neutrino-spin interactions are expected to
contribute to dissipating a spin ensemble and can poten-
tially be exploited as a competitive way to set limits on the
local CvB overdensity, as first put forward in Ref. [42].

After briefly reviewing the interaction rates of the CvB
with a system of N two-level systems (e.g., spin-1/2
particles) and the Lindblad master equation in the open
quantum system framework, we reproduced the perturba-
tive solutions presented in Ref. [42], valid when the spin
ensemble has not deviated too much from its initial state.
We then extend the analysis by considering steady-state
analytical solutions as well as numerical simulations of the
Lindblad master equation for different initial spin configu-
rations. Notably, our numerical simulations account for
realistic noise sources that can degrade the collective CvB
signal, such as local dephasing as well as imperfect initial
spin polarization. We make use of the Dicke basis—
illustrated in Fig. 2—to facilitate this analysis, which
provides an intuitive representation of how collective
and local interactions influence the spin ensemble’s evo-
lution under the Lindblad master equation.

We have furthermore presented a fast and computation-
ally inexpensive method to derive approximate numerical
solution from the Lindblad equation. Specifically, the
method solves directly for the observables and correlation
functions of interest while capturing both coherent neutrino
effects and local interactions, and is able to reproduce the
full density matrix solution to O(0.01)% accuracy. This fast
method enables us to use statistical inference methods to
forecast the sensitivity of future NMR experiments to the
CuvB overdensity, while incorporating the complete quan-
tum evolution of the spin ensemble.

Considering the projected experimental specifications of
the forthcoming CASPEr experiment [51-53] and nuclear-
spin-based experiments more generally, we compute future
experimental sensitivities to the CvB overdensity parameter
5, using a y? analysis. We find that achievable near-future
setups along the lines of CASPEr could constrain the CvB
overdensity parameter at the level of 5, ~ 10!3 for neutrino
masses currently within the KATRIN neutrino mass bound
[35], with larger masses yielding a more favorable sensi-
tivity. Notably, in addition to the scaling with the sample
volume and the obvious dependence on instrumental noise,
we find that the initial polarization p of the spin ensemble
plays a prominent role in our projected sensitivities: scaling
as &, « p~2, a competitive constraint requires at least
p ~0.25. This requirement also means that thermal
polarization levels achievable at typical experimental

conditions—p ~ 1073 for '*’Xe at T~4 K and B ~ 10
T—are not suited to CvB detection. Advanced polarization
techniques are needed to reach the desired p = 0.25.

In optimistic experimental scenarios—with a sample size
up to R = 10 cm, and 100% polarization—the constraint
may improve to §, ~ 10! for a small range of neutrino
mass values. This number is largely consistent with the
estimate of Ref. [42], and also at face value comparable to
the current KATRIN limit on the CvB overdensity [34].

Our results indicate that CvB direct detection is likely
beyond the reach of current NMR technology, even in the
most optimistic scenario. Indeed, even meeting the “real-
istic” projected 0, constraints represent significant exper-
imental challenges. We emphasize however much effort is
currently being devoted to overcoming these challenges—
in the case of CASPEr, in the context of dark matter axion
searches. Should the desired experimental configurations
materialize, we have shown that, by means of a pulsed-
NMR measurement such as performed recently in [53], the
potential exists for such axion searches to simultaneously
set potentially competitive constraints on the CvB for free.
Constraining the CvB with nuclear spin experiments there-
fore remains an attractive possibility.
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APPENDIX A: LOW ENERGY
NONRELATIVISTIC SPIN HAMILTONIAN

We outline the derivation of the nonrelativistic
Hamiltonian for the neutrino-fermion spin interaction.
We begin with the Lagrangian for a fermion ¥ in the

presence of an external electromagnetic 4-potential A, =

(Ag.A) and a 4-fermi interaction with a neutrino v; in the
mass basis,

L= ‘i‘(ia— m)¥ —

- Z SPr(g - 4oy, (1 =)y,

q\i—’y"‘I‘A”
(A1)
where i, j label the neutrino mass eigenstate, and ¢ is the

electric charge of the fermion. The corresponding equation
of motion is
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iy'0, —m—qr'A, —Z (g
V2

or, equivalently,
<(p% qA%,) = 7.(5 - qA) Z \/-gv

where we have used p = —ﬁ, and p° =id,, and
defined %,/ = 0,7,(1 — )y

We write the fermion spinor in 2-component notation,

bo
- [ ,
X0
such that in the nonrelativistic limit, we can make the
ansatz

(A4)

v 8]

(A5)

which yields the solution yo~[6-(p— qZ) /(2m)] o,
where m is the mass of the fermion. Substituting this
solution back into the equation of motion (A3) in 2-
component form, we find a Schrodinger-Pauli-like equation
with additional neutrino-fermion interaction terms,

F ljzlj

(P-qA? q 5 -
T 1. A
(a7 an+ 3 o

+Z ngfz” *)qso Egp, (A6)

where B = §> < A is the external magnetic field, and pO =
E is the energy.

In the form (A6), the total Hamiltonian can be immedi-
ately identified with the terms in parentheses on the left-
hand side of the equation. We concentrate exclusively on
the spin interaction of the fermion with the CvB. Assuming
the fermion (spin) is at rest, this interaction is described by
the spin Hamiltonian,

H = i B+ 26,y 75,

ij

(A7)

where we have used J = 6/2, and the magnetic moment is

defined as p = (q/m) Although this result has been
obtained assuming a charged fermion, an analogous spin-
magnetic field interaction is also present for neutral
particles like the neutron or nuclei. Here, the interaction

(9 — g0 iVu(l_}’S)’/j) ¥ =0,

(A2)

Ny Oshi +Z\[ gy - z’f> ¥ =0, (A3)

of a magnetic field with the magnetic moment due to the
particle’s internal structure can be described by an effective
Lagrangian of the form yo*ywF,,. In the nonrelativistic
limit, this interaction term also reduces to a Hamiltonian of

the form H = —ji - B. For nuclei, the convention is to define

U= g,uNj , where g is the g-factor of the nucleus under
consideration, and uy = e/2m,, is the nuclear magneton.

Supposing without any loss of generality that the
magnetic field points along the negative z-axis, i.e.,
B= —BZ, the spin Hamiltonian can be recast into a more
suggestive form,

H=wy,+%J.+%_J_+%.J,, (A8)

where the Larmor frequency wy = yB is also the energy
splitting between two adjacent spin states, with y the
gyromagnetic ratio, and we have defined J,. =J| £ 1/,,
and

z = \fZGngi{j 57 (1 =1y,

I, = IZ vt Firt)(1=p)y.  (A9)

Then, splitting the Hamiltonian into a spin ensemble and an
interaction term as

H:H5+HI, (Al())

we identify Hy = woJ,, H;=2,J, +Z_J_+X,J,, and

H;(O — eiHStH,e_in’
=3 J, ey J_ 4T J,. (All)

gives the interaction Hamiltonian in the interaction picture.
In the case of a system with N spins, the Hamiltonians of

the spin ensemble and the interaction can be straightfor-

wardly generalized from Egs. (A10) and (Al1) to
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o>
a
=) T Ty T ety "xe e
a a a
(A12)

where the operators J% _ act only on the spin a at the spatial
position ¥,, and 24 , are defined as per Eq. (A9) but with

the understanding that the neutrino wave functions must
now be specified as v;(t, X,).

APPENDIX B: EXCITATION AND
DEEXCITATION RATES

1. Single spin
Consider first a single spin immersed in the cosmic
neutrino bath. Following Fermi’s golden rule the excitation
and deexcitation rates are given by

ve = |Ti[?276W (E¢

~E)p.(E).  (BI)

where the superscripts “+” and “—" refer respectively to
excitation and deexcitation, |T|? is the transition proba-
bility from the initial state |[i) = || ) ® |i,) to the final state
Ify = |1) ® |f,), while |Tg|* is its counterpart for the
transition |i) = [1) ® |i,) to [f) = |]) ® |f,). The quantity
p(E;) is the density of states at the final energy Ef, which in
our case can be written as,

d? p dp
>3 | Gt (s 2

X (13—17 ¥ ﬁ)PibPr‘ba

(B2)

where p and p’ are the 3-momenta of the incoming and
outgoing neutrinos respectively, 7 is the momentum of the
final-state fermion (assuming it is initially stationary), P;
and Py represent respectively the thermal weight of the
initial-state neutrino and any Pauli blocking factor asso-
ciated with the final state, j and k are mass indices of the
initial- and final-state neutrinos, while a and ¢ index their
helicities. Since the recoil of the fermion is expected to be

v 14

X+ Xt X+

tiny, the angle of the outgoing neutrino is essentially
unrestricted. We therefore proceed to use the Dirac delta
in Eq. (B2) to eliminate the integral over the nuclear
momentum, to arrive at

d3[_5 dBﬁ/
p+(Er) Z;Z/(Zﬂ)gwﬁpm

where it is now understood that the relation between |p| and
|p'| is determined by energy conservation alone.

At first order in perturbation theory (i.e., the Born
approximation), the transition amplitude is given by

(B3)

Ty = ({2 JL]i). (B4)
Focusing on excitation, consider an initial-state neutrino
specified by a wave function

vi(t, %) = ujo(p)e =05, (BS)

where a is a helicity index. Suppose it scatters off a spin
inelastically, thereby transferring energy @ to it, and then
exits the interaction in a final-state plane wave given by
U(1.%) = g (p')e™P"=F'"%)_This process is represented
by the leftmost diagram in Fig. 12, and its transition
probability can be written as

ITE> = |<T\J+|¢>| [(F 12 ]) |2
1
F k k,
g]A A] 2p02p/0
x iy (P') (' — iy

(1 =r)u;(P)P. (BO6)

where we have used |(1]J,|{)|*> = 1 at the second equality,
and the factors of 1/2p° originates from the normalization
of the u-spinors to 2p°. The thermal weight factors in
Eq. (B2) are then P; = N, ,(p°) and Py =1 — Ny ,(p"),
where N; ,(p°) is the neutrino occupation number, while
the Dirac delta ") (E; — E;) becomes 8(!) (o, + p” — p°),
enforcing the change in energy between the initial- and
final-state neutrinos to be equal to @, the energy splitting
due to the external magnetic field. A similar calculation can

Xt by

X7t U

FIG. 12. Feynman diagrams of the processes that contribute to the excitation of a spin in a 4-fermi effective interaction.
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also be performed in the case of an antineutrino exciting a spin, as represented by the middle diagram in Fig. 12.
Putting it altogether, we then find the excitation rate of one spin to be

ve = Gpﬂzgi gﬂ%:/dp/dpé (@0 + p° = p°)

x[(1 —Nk.c(p DN (P (P (' = ir?) (1 = 7))o (P) (' + i) (1 = 77 )u o (P)
+ (1= Nie(P)N; (P01, (B) (7' = i7?) (1 = 1) vr o (B) 00 (B) (r' +1r2) (1 = 7°)v;4(P)). (B7)

where we have defined the phase space measure dp = d*p/((2x)32p?). Ignoring the relative motion between the spin and
the CvB, and assuming the neutrino occupation numbers to be independent of helicity, the expression simplifies to

y+—8GFnZgA & / a / 4550 (@q + p — p)pOpOl(1 = Ne(pO)IN, (%) + (1 = Ny(p), (o0 (BS)

which, using the Dirac delta, can be further reduced to

4GF Kk
gl J
Z A mo+mk
with pey = [(\/ [P + mj — wo)* = my]'/?, and p, = \/ i PR

Computation of the deexcitation rate from inelastic neutrino-spin scattering proceeds in a similar fashion, and yields

ﬂzgé g,ﬁ;/dp/dpé (@0 + p° = p")

X[(l_Nk,c(plo))Nj,u(p Vi (B) (' +ir?) (1 =7 uj o (5o (B) (r' = ir?) (1 = 77w o ()
+ (1= N (P)N; o (P00, 0 (B) (' +ir?) (1 = 7)o (B 01 (B (' =17 (1 = ) v;.(P)]- (B10)

dlﬁllﬁlzpkﬂ/m%wid(l = NP )N (P°) + (1= Ne(pp )N, (P°)]. (BY)

Again, ignoring any neutrino-spin relative motion and assuming helicity-independent neutrino occupation numbers, we find
_=8Grry gi' > / dp / dp's™ (g + p° = p)p°p[(1 = Ne(p™)N;(p°) + (1 = Ne(p"°))N;(p°))
jk ac

Zggk kj/ 2d|p‘|p|2pk_,/mk+pk (1= N(p)_))N;(p°) + (1 = Ni(p)_)N,;(p°)]. (B11)

(wo—my,) —m

with pi_ = [(y/|PI* + m3 + @y)* = mi]'/?, and p§_ = \/m} + pi_. The lower integration holds if it evaluates to a real

number. Otherwise, it needs to be set to zero.
Suppose for simplicity m; = m; = m and @, < m. The lower integration limits of the y . and y_ integrals, Egs. (B9) and

(B11), are v/ (wo + m)? — m?> ~ \/2mw, and zero, respectively. We can take the former to zero too if wy < |p|>/(2m) < m
is satisfied by the bulk of the neutrino distribution. The same condition also allows us to approximate

Pis ® A/ |PI* F 2mwgy = |p| F mwy/|p|. Then, to leading order, we find

ye Ry o / AIF|IFpe/m + P2 INGPO) + N (V)]
~ / 4[| FPmIBIING®) + B (O], (B12)

and
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ynetzy_—ha[) d|P||p|2[Pk—\/m + Pi = Py +pk+] (P°) + N(p%)]

”‘/ alBlIBR 20 N () + W (p),

Dl

where we have omitted for brevity the Pauli-blocking terms
in both expressions. Thus, we see immediately that
v+ <v_, and y, is suppressed by a factor ~2may/|p|?
relative to y.

2. N spins

Consider now a system of N spins described by the
interaction Hamiltonian (A12). We are interested in the
excitation and deexcitation rates of the whole spin ensem-
ble, which can be defined via

Ty =) |Ti[228" (E; -

f>pin

E)p.(Er), (B14)

T35 =
op

k k,
ngx A’2 02 Sl (B (' =) (1 =7 )u; (P

Z <fspin |Ji |ispin> <ispin |JE |fspin>

(B13)

where

T?i: = Z< sp1n|‘]i|1spm><f 124 [i,)

a

(B15)

are the excitation and deexcitation amplitudes of the N-spin
ensemble from an initial state |iy,) to an unspecified final
state |fg;,). The summation over fyy, encompasses a
complete basis of final states; the ladder operators will
project out the final states that have one unit of energy @,
more (+) or less (—) than the initial state.

Again, focusing first on spin excitation due to inelastic
scattering of a plane-wave neutrino from v;(t,%,) =
Ujo(P)e T 10 u(1,%p) = uy o (p)e PP, we
find

() PPV Guy), (B16)

A similar expression can be found for |T|2. Then, following the same procedure as for a single spin, it is straightforward to

arrive at the collective excitation and deexcitation rates

2GF Zgﬁxk k,/
/ QF (e~ ).
2G%Z i [
< [ @ (G- 5,

w0+mk —m

(@o— mA

d1B|[P P/ mi + Pi [(1 = Ni(p2 )N (p°) + (1 = Ni(p )N, (p°)]

d|13||13|2pk_\/ m + pr_[(1 = Ne(pPR_))N;(p%) + (1 = Ni(pp )N, (p°)]

(B17)

where u = p' - p = cos @5, with 055 the angle between the incoming and outgoing momenta, and

Z | spin

spm

S i)

’ (B13)

are form factors that depend on the initial state of the whole N spin ensemble. Since the operator ), J¢ already projects the
initial state into the subspace of final states that has the correct energy requirements, we can use the completeness relation of
all possible final states Zfépm |’ spin) ('spin| = 1 to simplify the form factors to
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F:t(ﬁ/ - ﬁ) = <ispin

S IR
p
% Zjie—i(ﬁ/_ﬁ)-fzx ispin>’
a

where it is understood that F(p' — p) are to be evaluated
for p' = pry or p' = py_.

Suppose the spin ensemble is initially in the ground state,
ie., [igpin) = [d1.d2: -0y oos L) We see immediately
that the deexcitation form factor must always yield
F6(p'—p) =0, while the excitation form factor
evaluates to

(B19)

FS(p - p) = <~L1,i2, m’iN‘ZﬂieH(ﬁ’_ﬁ).}/f
b
XZJ (75,

\Ll’ \LZ»"%*L > :N’
(B20)

irrespective of the momentum transfer. Thus, in this case
there is no coherent effect from the neutrino-spin inter-
action. If, on the other hand, the spin ensemble is initially in
the product state |igy,) = =y DN
where | =) = (|1) +[}))/v/2, then the excitation and
deexcitation form factors evaluate to

|_)ls_)2"-'7

FL(p' = p) = <—>1,—>2,...,—>N‘2ﬂ;6+i<ﬁ’—m&p
p

X Zlie—i@/—m-@
a

N1 (P -P) (RaF,
:§+Za;ae (P'=P)-(Ra=%p)

_)17_)21"'7_)N>

(B21)

which features possible coherent effects in the second term.
When the spatial separation between spins |X, — X4| is
much smaller than V!/3, where V is the volume of the
sample, we can take the continuum limit and, for a constant
spin density n, = N/V, approximate the last expression as

N N?
2 4V2‘/d3xep 7

N N? 9
=>t7 Wlh(l

FE(p'—p)=

-pIR)?.  (B22)

where j,(x) is the spherical Bessel function of order one,
and we have assumed at the second equality the spin
sample to be a sphere of radius R. Clearly, the second, N?
term dominates if |[p — p'|R < 1, with [j;(x)]*/x*> — 1/9
as x — 0. In this limit, the system exhibits coherent
behaviors.

Given the typical momentum of the neutrino bath
p,, in order for the coherence condition to hold over
the whole length R of the spin sample, we must
demand |p, — p'(p,)|R < 1. Assuming for simplicity
m; = mj; =m, the typical momentum transfers during
excitation and deexcitation are

2
5= P (R = p2+ (\/pz+m2 :Fwo)
2 172
—m>=2p, [(\/p%mz F 600> —mz]

X cosOz (B23)

pp
with p, = |p,|. If we want coherence over the whole object,
we must demand that |p, — p'(p,)]* < 1/R* even for
cos@z; = —1. For nonrelativistic neutrinos, ~where

/P2 +m?~m+ p2/(2m), this yields the condition

po+(m+tes) —m* +2p,\/(m+er)? —m> < 1/R?,

(B24)
or, equivalently,
py+/(m+e ) —m? <1/R, (B25)
with e, = p2/(2m) F w,. This in turn leads to
Py 1+1/1:|:w01—ﬂ < 1/R, (B26)

when expanded to linear order in €.

From Eq (B26), we see that excitation can only happen
if wy < p2/(2m). But, if excitation happens at all, the
coherence condition is also automatically fulfilled for any
incoming momentum satisfying p,R < 1. On the other
hand, while deexcitation has no kinematic threshold,
coherence also does not come for free. Rather, in order
to have coherent deexcitation, the condition @y <
p?/(2m) must be satisfied if p,R < 1. Physically, this
means that the energy splitting must be much smaller than
the incoming neutrino kinetic energy. If this is not the case,
the momentum transfer of the neutrino is large and
coherence is lost. For a typical CvB momentum of p, ~
53x10*eV~27cm™ and a neutrino mass of
m = 0.05 eV, this condition amounts to demanding
that wy, < 3 x 107°

For typical spin samples of size R ~ 1 c¢cm, the condition
p,R < 1 cannot be realized by the CvB across the whole
sample volume. However, even in the case of p,R > 1,
coherence is still possible under limited conditions.
Specifically, assuming w, < p2/(2m),Eq. (B23)evaluates to
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295

|ﬁu_ﬁ/(ﬁb)‘2 z4p3 sin T (B27)

-

Demanding |p, — p'(p,)|*R* < 1, we see thatcoherence can
be achieved even in the case p, R > 1 for small angles 055 <
1/(p,R) between the incoming and outgoing neutrino
momenta. Under this condition, we can approximate the
coherent part of the form factors as

1 ooy NP [R) :
/_1 dﬂFi(p/ - p) ~ TA daﬁﬁ/ Nt 97,;,/

N2 1

N S RY (B28)
In other words, the collective excitation and deexcitation rates
'y in the p,R> 1 regime are suppressed by a factor
(2p,R)~? relative to the fully coherent rates. Evaluating
Eq. (B23) for the momentum transfer squared ¢ = |p, —
p'(p,)* in the forward direction (i.e., cosf35 = 1) and
expanding in € as above, it is straightforward to show that
the momentum transfer in this regime is g ~ wom/ p,.

APPENDIX C: DERIVATION OF THE LINDBLAD
EQUATION

The Lindblad formalism assumes unitary dynamics of
the total neutrino-spin system described by a Hamiltonian
that can be decomposed into three parts,
Here, H is the free Hamiltonian of the spin ensemble, Hp
the free Hamiltonian of the neutrino bath, and H; specifies
the interaction between the spin ensemble and the neutrino
bath. The density matrix p acts on the Hilbert space of the
whole neutrino-spin system, and we assume it can be split
into a direct product of the spin-system density matrix pg
and the bath density matrix pp, i.e.,

p=ps® ps. (C2)
Such a separation can be made in the limit of weak system-
bath interactions and large baths (relative to the spin
ensemble), where no significant correlations develop
between the spin ensemble and the bath. This is the so-
called Born approximation.

The dynamics of the total neutrino-spin system is
governed by the Liouville-von-Neumann equation,

dp

= —i Ha B
5~ ClH.p]

(C3)
where the density matrix p is understood to be in the
Schrodinger picture. In the interaction picture this equation
can be equivalently written as

dp!

__iH]7 15
dr [H].p']

(C4)
where H! is given by Eq. (A11), and has the formal solution

o0 =) =i [IH](s). P eles. ()

Plugging (C5) into (C4) and doing a partial trace over the
bath, we arrive at an equation of motion for the spin
ensemble alone that reads

d/)S .
ST —itrg{[H,;(1),p(0)]}

_/ttrB{[HI(t)7[HI(S)vp(s)H}ds’ (Co)

0

where we have omitted the interaction label (superscript
“I”’) for notational simplicity.

Observe that, implicit in the interaction Hamiltonian H;,
the first term is formally O(G), while the second term is
O(G?%), and repeatedly plugging Eq. (C5) into (C6) would
yield in principle a perturbative series in Gr. Considering
however that the interactions of interest are very weak, it
suffices to iterate only once to capture the leading-order
effects. Physically, the first, O(Gp) term in Eq. (C6)
corresponds to the so-called Stodolsky effect [19], which
can be most easily seen in the Schrodinger picture where it
manifests as a shift in the energy levels of the spin
ensemble, provided that a nonzero neutrino-antineutrino
asymmetry is present. We shall therefore not be concerned
with this shift and will henceforth drop the O(G) term.

To discern the role of the second, O(G%) term in
Eq. (C6), we apply the Markovian approximation, which
is valid under two assumptions: (i) The bath’s correlation
time is much shorter than the spin ensemble’s relaxation
time. This ensures the bath quickly loses memory of the
interaction, thereby preventing information from flowing
back to the spin ensemble; and (ii) the bath does not
change much over time. This is the case for the relatively
weak interactions under consideration. Implementing the
Markovian approximation consists formally in changing
p(s) = p(t) on the right-hand side of Eq. (C6), i.e.,

% _ Attl‘g{[[‘],(l‘), [H;(s),p(1)]]}ds,  (C7)

such that any step taken by the spin ensemble at any time ¢
depends only on the state of the system at that time.
Equation (C7) is the so-called Redfield equation. Next, we
define a new integration variable s’ = r — s and take the
integration limit to oo (or, equivalently in terms of the
original integration variable, we take the lower limit to
s — —o0). This approximation leads us to

043061-28



PROSPECTS FOR RELIC NEUTRINO DETECTION USING ...

PHYS. REV. D 113, 043061 (2026)

d 00
Vs [Tl =)o (C8)
and corresponds to assuming that the correlations decay
fast enough that the dynamics of the system remains the
same irrespective of what happened at earlier times.

At this point we can simply evaluate Eq. (C8) for the
Hamiltonian (A11). A brute-force evaluation will yield an

dps
dr

+ (Iopsd = psd T (@) + (Jpsd. =TT ps)TE(0) + (Jpsd. — psd J)TE(0),

where

intractably long expression. However, because the neu-
trino-spin interaction rate is expected to be much smaller
than the Larmor frequency w, = guyB (i.e., many oscil-
lations can occur over a timescale dictated by the inter-
action rate), we may adopt the so-called rotating-wave/
secular approximation, which amounts to neglecting fast-
oscillation terms of the form e*’ or e*?®’ Doing so
yields

2 1 2
L5 = (J_psl =TI _p )T (~wg) + (Jopsi— = psI T )T (=wg) + (Jopsd - =TT ps)T'C) (ay)

(C9)

M0 = [T e - 9% 00 )ds

() = A et (S0 (1) (1 — 5)pg }ds.

(C10)

Note that X, is an operator in the interaction picture and hence depends on time.
Rearranging Eq. (C9) to separate the Hermitian and non-Hermitian terms yields the Lindblad equation for our system

1 1 1
+7- (J_sz+ —§{J+J_,ps}) +rs <J+ps1_ —E{J—J+7Ps}) +7: (szsfz —E{Jsz,ps}), (C11)

d
“E = —i[GI 4G I T+ G ]
with
— F(l) FZ _ — 0
v+ = (o) + T _(-wp)
=% ) + 1 (00 = |
7. =T(0) +12(0) = / trp{Z.(0)Z. (s)pp }ds,
and
2
G = FQ(—G’O) - F<+1 (@)
-_—— 2i 9
2 1
o (@) ~ T ()
T 2i ’
(2) (1)
I;;7(0)—-1I%'(0
G, = Z()Zi “(), (C13)

and we have assumed that the bath is constant in time.
Observe that the first, Hermitian term in Eq. (C11) com-
mutes with Hg. Its form therefore remains unchanged in
Schrodinger picture and represents an energy shift in the

¢trp{Z, (0)Z_(s)pp}ds.

—o0

" sty {E_(5)%, (0)pp Jds,

—00

(C12)

free Hamiltonian that is suppressed by G% through the bath-
dependent coefficients G ,. The remaining terms are non-
Hermitian and characterize dissipative effects in the spin
ensemble due to the bath via the y_. , coefficients. Note that
if the g-factor was negative, e.g., in the case of electrons,
the Larmor frequency @, would be positive, which would
effectively exchange y, and y_ in the Lindblad equation.

APPENDIX D: COMPUTATION OF v..7,

Our objective now is to compute y,, y_ and y,, which
requires that we calculate correlators of X, that depend
on the neutrino fields. To this end, we assume that
neutrinos are Dirac fermions, whose expansion in
modes is given by
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ZCHEDY / dp (af i, (BP0 4 b0, ()77, (D1)

where dp =d*p/((27)32p°), u,(p) and v,(p) are the spinor solutions of the Dirac equation, and the creation/
annihilation operators obey the anticommutation relations

K rty s rfy 39,0503) (5 — 7
{ai,f;’ aj,[]’} - {bi,f;’ bj,g} - (27[) 2p 5( >(P - Q)érséij- (D2)

All other anticommutators of afﬁ,a;%,bf.ﬁ,b;} are zero.
We start with y, given in Eq. (C12), which evaluates using (A9) to

vy =2Gry / dseostrg{gi/5;(0, %)Y _PLv;(0,X) gk Di(s, %)Y Pruy(s, X)pa), (D3)
ijkl 7 —®

where have introduced the notations P, = (1 —y°)/2 and T, = y' £ iy?. Substituting Eq. (D1) into this expression, the
nonvanishing terms read

ro =265 gid'S" ["ase [ap [aa [ap [ag

ijkl abcd

X {ei[(qo_q/o)S_@_F’L‘?_a)'ﬂﬁi,a(ﬁ)T—PL”j,b(ﬁl)_k,c@)TJrPLMz,d@/)trB{aﬁTﬁa?,ﬁ/a;TqaiqPB}
+ ei[(_qOJrq/o)S_(ﬁ_ﬁ,_%q’).ﬂﬁi,a(ﬁ)T—PL”j,b(ﬁ/)'l_)k.c(zi)T+PLUl,d(a/ﬁrB{az}a?ﬁ’bi,gbi;//}B}

4 QG T DT, ()Y Py, (F) e (@)Y 4 Prie (@) tep a7 b alpp)

+ ei[(qoﬂl())“'_(_"_”/+q+q/)'x]T/i,a(ﬁ)T—PLMj.b(5/)ﬁk,c(ZI)T+PLUz,d(zl/)th{bﬁﬁaﬁpa;,;bnga}

+ ella =P DTy, (B)Y_PLvj (B 0ke (@)Y PLoa(q )ep{ by b7 aratps}

+ e+ =P =D g, (F)T_P L, ﬁ’)@k’C@)TJrPLvl.d(ﬁ’)trg{bﬁﬁbf},b;@bg,plg}] : (D4)

To compute the thermal traces of the bath, we assume that each neutrino species assumes a thermal distribution, such that
the background density matrix is given by

e_ﬁHB

= ey

where T = 1/f is the neutrino temperature, and the bath Hamilton can be expanded as

Hy= Y3 [ dprtlatiary + 5551,) (D)
L N
Using this information and the anticommutation relations (D2), the traces evaluate to

trB{ai})a?,;’a;Tqa;{;i'pB} = 5pp’5qq’Ni,a (pO)Nk.c<q0> + 6q’p5p’q(1 - Nk,c(q0>)Ni,a (PO)7

trB{ai;a?,ﬁ/bi,qbig/pB} = 5pp’5qq’Ni.a <p0)<1 - Nk.c (q()))’

trB{at'ltbb‘T"/bi,qa;{,}/pB} = 5pq’5p’qu,a (pO)Nk.c(qo),

Lp P
trB{bZ;a?,}/angg/pB} = 5pq’6p’q(1 - Nk,c(qo))(l - Ni,a(po))’
trB{bZ;;b?;/a;:%a;{apB} = 5pp’5qq’Nk.c(q0)(1 - Ni,a (po))v
trB{be;b?;/bi,gbig/pB} = 51717’6111/(1 - Ni,a (po))(l - Nk,c(qo)) + 6qp’6pq’(1 - Ni,a (po))Nk,c (q())’ (D7)
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where we have introduced the notation 8, = (27)*2p%) (p — §)8,,6,j, and N, ,(p

number of the ith neutrino (antineutrino) mass eigenstate with helicity a.
Substituting the thermal traces into Eq. (D4) and integrating over s, we find

ve=Gimy gitdh"y / dp / dg

ik

9)] represents the occupation

0) [Ni,u (p

X [5(”(@0 + 4" = pOiti o (P) (" = i) (1 = 7 ) (@it (@) (7' +ir*) (1 = 77 )ui o(B)(1 = Ni(¢°))N:(p°)
+8W(wo = q° = pV)iti o (P) (' = ir*)(1 = )i (@) 0 (@) (7' + ir*) (1 = 7)o (P)N:(P°)Ni(¢)
+8W(wy — q° + pO) 0. (P) (7' = ir*)(1 = ¥°) vy o (§) V1 (4 )(7/1+i72)(1_75)vi.a(ﬁ)(1_Ni(po))Nk(qo)]v (D8)

where we have assumed the neutrino occupation numbers to be independent of helicity. Compared with the single-spin
excitation rate (B7) computed in Appendix B, we recognize immediately that the first and third terms correspond to inelastic
scattering of a neutrino and an antineutrino, respectively, off a spin, thereby transferring energy to it. The second term
describes the absorption of a neutrino-antineutrino pair, which we did not include in the heuristic calculation of
Appendix B, but can also excite a spin if kinematically allowed; the rightmost diagram in Fig. 12 represents this process.

Neglecting the relative movement between the Earth and the CvB and using the properties of the spinors, Eq. (D8) can be
further simplified to

7. =81GEY gg"gﬁ’/dp/dqp ¢°18" (@o + ¢° = p°)(1 = Ne(¢%))Ni(p°)
+ 5(')(600 = ¢" = PO)Ni(P°)N(q°) + 61 (o — ¢° + p°) (1 = Ni(p°)) Ni(q")]. (D9)
Using the Dirac deltas to eliminate one integral, the final expression reads
32 o [ I o AIBlIBRa i+ (= NN + (1= Nl )N ()
wo+my ) —m;
(wp— m‘ —
/ O Bl PP+ N, (D10

process plays a role only for extremely small neutrino
masses m; < 107 eV.

The computations of y_ and y, proceed in an analogous
fashion. Contrary to y, however, y_ describes deexcitation

with gi = [(VIPI* + m} — o) = mi]'?2, and qf, =

\/m3 + qi.,. Except for the appearance of the second
integral, this expression is the same as the heuristic rate

(B9) estimated earlier. Observe also that the second integral
contributes only if m; + m; < wy. This is the kinematic
requirement for neutrino-antineutrino pair absorption
alluded to above. For typical values of the magnetic
field considered in this work, @y~ 10~ eV. Thus this
|

4G

*ZlkklUW

with  ¢q;_ =

of a spin via inelastic scattering with a neutrino or an
antineutrino, i.e., the spin loses energy. In addition, a spin
(up) can deexcite (to a spin-down) by emitting a neutrino-
antineutrino pair if kinematically permitted. The final
expression for y_ reads

d1 1P g/ mi + gz (1 = Ni(q))Ni(p°) 4 (1 = Ni(q7_))N:(p?))

\/ (wo—my,) ‘—mi N _ _
+A d|p||pl*qe\/mi + a3 (1 = N;(p°))(1 —Nk(qz))],

(D11)

(VPP +mi + o) =mi] V2, g = \[mi+ 2. qe = [(VIPF +mi—w)* —mg]'?, and ¢ =

\/mi + qf. Again, this expression can be contrasted with the heuristic rate (B11), which does not contain the second

integral that contributes only if m; + m; < w,.
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For y, we find

16GFZ ik kl/
o=

< \fmi +[PP(N(p?)(1 = Ni(p°) + Ni(p°)(1 = Ni(p?))).

Contrary to y., this term does not describe energy
exchange processes. Rather, it describes the collective
dephasing of the spin ensemble due to elastic scattering.

In the case of Majorana neutrinos, the main difference in
the computation of y. . is that the expansion in modes of
the neutrino fields is given by

(1, %) Z/dp a; u” p)e iP'=p)

+ o, (eI, (D13)
and the corresponding bath Hamiltonian is
Hyp = Z > / dp pPa’a (D14)

If we neglect pair absorption and emission (which, as
discussed above, are normally not kinematically allowed in
NMR experiments except for close-to-zero neutrino masses),
the expressions for y, ,—Egs. (D10)~(D12)—are exactly
identical for Dirac and Majorana neutrinos. The only differ-
ence between the two cases occurs in the value of the
occupation number N; ,(p°). In the Dirac case, when ultra-
relativistic neutrinos decouple from the early universe plasma,
they are always in a left-helicity state. However, as the universe

d|p||pI*/|pI* +

2
m — my

(D12)

cools down and the neutrinos become nonrelativistic, we
would generically expect them to relax via gravitational
interactions into an approximately equal number of left-
and right-helicity states with an average occupation number
(assuming no neutrino-antineutrino asymmetry) given by

Nia(P?) = Nio(p°) ~ np(|p])/2. where

- 1

ne(|pl) = T (D15)

1s the relativistic Fermi-Dirac distribution. On the other hand,
Majorana neutrinos are their own antiparticles. Thus, relax-
ation into left- and right-helicity states merely turn an neutrino
into an antineutrino and vice versa, leading to an occupation
number of N; ,(p°) = N, .(p°) % ne(|B)).

APPENDIX E: LINDBLAD EQUATION
FOR N SPINS

Consider now a system comprising N 1/2-spins, where
the Hilbert space is spanned by pg =Q®" p, /2> and the
Hamiltonian of neutrino-spin system is given in Eq. (A12).
The corresponding Lindblad equation can be generalized
from Eq. (C11). In the interaction picture (and omitting the
Hermitian terms) it reads

1
o (202t = 30520 ) 72 (31002 =S 00 s} ) 42 (st = S} ). (B

with

7= [T e 2102 (s

o — / et {22 (5) 27 (0)pg }ds,

- / tr5 {22(0) 2 (s)p }ds.

(E2)

which are generalizations of the y_ , coefficients from Eq. (C12).
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Consider first the coefficient y’frﬁ . Following the procedure outlined in Appendix D, we find

70 =265 oS [ ase [ap [aa [ap [ag

ijkl abed Y~

X [ei[(qo_q’) PR R G505 gy ()Y Py ()it o (@)Y Pruga(§ ) ep{alsal s ai-af . pp}
- el A= PR TS T T g, (B)C_P L (B) i (@) Y4 PLora(@ s sal 5 bg biL s}
el =B PR T AT T S0, (B)T_Py vy (551 (@)Y Pri @)t {00 b at )
eI PR R Tg, (B)T_ Py ()i () Py a(@) e (b sal s a b oy}
+ il(@°=q")s=(=p-Fat P Xut§-3—q X/i)]l_)la(l_;')T_PLyj‘b(i)’/) a(q ’)trB{bl“pbi’Tp ,iTq fq,pB}

+ el P TP RGN T T, (B)Y_PLvj (B Pre (@)Y PrLosa(@ s by b7 b bdt’pB}] (E3)

ip” P kG Lg

After evaluating the thermal traces, the expression simplifies to

rY :4G%ﬂ292k9§’2 / dp / dg
. [e‘i“"”'@“%(“(wo +6° = Pt (B) TPt (@)1 o(@) Y Prtso(B)(1 = Ny (6)Nia(1)
+ e_iA}aﬁ‘(ﬁﬁ_Zj)&(l)(wO - ﬁi.a(ﬁ)Y—PLUk,C(ZI')Dk,c(ﬁ)T—FPLuta( )Nza( O)Nk c(q )
(

1a(P)YPrvg o (§)0ye(§) T Prvio(P)(1 = Nia(p ))Nk,c(qo)}» (E4)

¢’ - p°)
+ eiAzu/i'(;_q)é(l)(wo — qo + p()),[—)
where AX,5 = X, — X5.

From Eq. (E4) we see immediately that in the limit |p — g| < [1/AX,4| and |p + g| < |1/AX,4|, the exponentials
evaluate to unity such that y P loses its dependence on a and f3, and approximates y, of Eq. (D8) computed previously for

the single-spin system. The same limiting behavior is also seen in y* and yzﬂ (not shown here). Then, in this coherent
regime, the Lindblad equation reads

d 1 1 1
% =7- <J_psj+ —2{J+J_,ps}> +ry <J+psj_ —Z{J_J+,ps}> +7: <jzp5jz _2{jzjz’p5})’ (ES)

where we have defined 7, =3, J%, J_=3_,J% and J, =), J? If on the other hand |p — g| > |1/AX,4|, the cross

(i.e., a # p) terms in Eq. (E4) average to zero and only the a = ff terms survive. (The condition on |5 + g| versus |1/AX,|

is not important, as neutrino-antineutrino pair absorption and emission are not kinematically allowed for neutrino masses
m; 2 107 eV given typical values of the magnetic field B ~ 0.1 T.) In this limit the Lindblad equation reads

d
ps Zy <J"‘ps!“ ——{J J_,ps}> 1y <Jips1“ ——{J Je ,ps}> +Vz<1“ps1“——{f Je ps}>, (E6)

a form that is generally applicable for any “local” inter-
action that is not coherent over the length of the spin

collective neutrino interactions only. This effectively

restricts the dynamics to the fully symmetric subspace of

sample.

APPENDIX F: FULL NUMERICAL SOLUTIONS

We demonstrate here how we find a full numerical
solution of the Lindblad master equation (43) for the spin
ensemble’s density matrix pg. We show first the case of

total angular momentum j = N/2, where numerical sol-
utions can scale with N> (see Ref. [62] for a detailed
discussion) and are hence tractable for relatively large
values of N. We then extend the numerical treatment to
include local interactions, where the dynamics can no
longer be restricted to the j = N/2 manifold.
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Left: time evolution of the emission rate observable (I',I"_), showing different initial conditions under the influence of

coherent neutrino effects only. Solid lines represent collective deexcitation (y, = 0), highlighting the delayed burst associated with the
excited state, i.e., Dicke superradiance. These solutions can be reproduced using the public code OpenNu (see text). Right: time evolution
of the (72) i) observable for N = 30, 40, 50, including both neutrino collective effects (v, /y_ = 0.997) and local dephasing
(y4 = Ny_), computed using the QUTIP code (see text). The bottom panel shows the residual between the full solution from QuTIP and
the second-order approximate methods, demonstrating that the two methods match at the 0(0.01)% level.

In the presence of coherent interactions alone, we set
y}l‘,’c =0, and solve

dps

e r-Dy lps| +r+Dy lps]

= Lpps]. (F1)
where we have introduced the Liouvillian superoperator at
the second equality, expressed in the Dicke basis. We work
in Liouville space by vectorizing (i.e., column-stacking) the
density matrix pg — |ps) and using the Liouvillian super-
operator

1
LD:Z}’i(j1®ji—§I®j¢ji
+

57T 1), (72)
where the action of the operators on pg from the left
and the right becomes a Kronecker product, namely,
XpsY = (YT ® X)|ps).

To numerically integrate the master equation (F1), we
implement standard time-integration schemes such as the
Euler method, as well as higher-order solvers such as the
fourth-order Runge-Kutta (RK4) algorithm. To ensure
numerical stability, especially for such explicit integration
schemes, we compute the spectral radius of the Liouvillian,
i.e., the largest eigenvalue of L, 4,,.x, and set the time step
At such that Atd,,, < 1. This criterion ensures conver-
gence and bounds the error at each step, particularly for stiff
systems or rapidly decaying modes. In practice, we choose
At = h/Apa With h~0.1 depending on the desired

accuracy. We have additionally tested implicit integration
methods and found no substantial improvement in con-
vergence compared to explicit methods, provided the
timestep factor £ is sufficiently small. Given their signifi-
cantly lower computational cost, explicit schemes remain
the optimal choice for efficiency in this context.

Our simulations are implemented in the publicly avail-
able code OpenNu,15 written in C++ and based on the EIGEN'®
library for efficient sparse matrix operations. This imple-
mentation achieves high computational performance and a
low memory footprint, which is essential for solving large-
scale Lindblad dynamics. In particular, it allows us to
simulate on a single modern CPU collective spin ensembles
with Hilbert space dimensions up to the equivalent of
N ~ 10*. To avoid numerical instabilities due to very large
or small values, we normalize time by the characteristic
dissipation timescale tg, achieved by rescaling the
Liouvillian with the product of the number of spins and
the deexcitation rate y_. As a result, the ratio y_ /y_ remains
as the sole control parameter governing the dynamics in this
regime. The left panel of Fig. 13 displays our numerical
solutions obtained using OpenNu for N = 100 and different
initial conditions.

To include local interactions and fully solve Eq. (43), we
use the permutational-invariant quantum solver (PIQS)
introduced in Ref. [66] and implemented in the QuUTIP
library.17 PIQS also reduces the computational complexity

The source code is available at https:/github.com/gpierobon/
OpenNu.
Eigen is a high-performance C++ library for linear algebra:
htt%s://eigen.tuxfamily.org.
The QuTIP source code is available at github.com/qutip/

qutip.
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of simulating open quantum dynamics from exponential to
polynomial in N by exploiting the permutational symmetry
of two-level systems, under the assumption that they are
identical and identically prepared. However, when the
dynamics involve population outside the fully symmetric
subspace, i.e., when j < N/2 states are included, the
symmetric Dicke basis must be extended to account for
the action of local operators such as J¢ in Eq. (43). As a
result, with respect to OpenNu the size of the Liouvillian
superoperator increases by a factor of N2, significantly
raising the computational cost and limiting tractable sim-
ulations to system sizes of N ~ O(100). In the right panel
of Fig. 13, we present numerical solutions computed with
QuTIP for values up to N = 50, demonstrating excellent
agreement between the full density matrix solution and the
fast second-order approximation.

APPENDIX G: HYPERPOLARIZATION

Hyperpolarized spin systems, which are out of thermal
equilibrium, enhance signal intensity in NMR experiments
[78]. A technique widely used in NMR applications is spin-
exchange optical pumping (SEOP) [73], particularly for
noble gases such as '*?Xe or *He. SEOP can be broken
down into two steps:

(1) Optical pumping of alkali metal atoms. A circularly

polarized laser excites alkali atoms (typically Rb or
Cs vapor) in a low magnetic field. A large electron
spin polarization p, =~ 1 in the alkali ground state
develops rapidly via repeated excitation-relaxation
cycles and from angular momentum conservation in
the atomic transition. The dynamics of this process
is governed by a rate equation [79],

dp
d_tA = 1—‘purnp(l - pA) —DCArlPaAs

(G1)
where Iy, is the pumping rate, and T' (. the total
alkali spin relaxation rate. The steady-state p, is
given by
F ump
PR=c—"r—. (G2)
A Iﬂpump + IﬂA,rel
which shows that to obtain a large p, re-
quires Ipump > Tp el
(ii) Spin-exchange collisions. The polarized alkali
atoms collide with the target noble gas, e.g., Xe,
atoms in a gas cell, effectively transferring angular
momentum to the noble gas nuclear spins (via a
Fermi-contact interaction). The polarization of the
noble gas spins px. can be computed from

dee
dr

= rSE(PA - PXe) = Lre1PXes (G3)

where ygg is the spin-exchange rate, and I’ is the
nuclear spin relaxation rate. Then,

U'sepia
SE rel

gives the steady-state value of py..

SEOP typically operates in dilute gas phases, where
nuclear spin-spin interactions are negligible and polariza-
tion accumulates through random spin-transfer collisions
that do not generate coherences between spins. The overall
mechanism is analogous to the local interaction channels
described in Sec. V. Matching p¥. of Eq. (G4) to the
polarization parameter in Eq. (47) then yields a mapping

y}lyper _ IﬂlSE(l + pX) + 1—‘rel
yljryper I_‘SE(l - p,SAS) + 1—‘rel

(G5)

between the various rates to the hyperpolarization excita-
tion and deexcitation rates used in Sec. VI A.

APPENDIX H: TWO-TIME CORRELATION
FUNCTIONS

We outline here the computation of the two-time
correlation functions (C(7)A(¢#+ 7)) via the quantum
regression theorem [70], where 7 > 0, and the operators
A and C act on the spin ensemble alone (i.e., not the bath).
See also Ref. [69] for a more comprehensive introduction.
This correlation function is defined in the Heisenberg
picture via

(C(A(t + 7)) =ur[p(0)C(1)A(r + 7). (HI)
where p(0) is the density matrix of total system of spin and
bath at time ¢ = 0, and the trace try pertains to the total
system. Applying time evolution to the operators, i.e.,
A(t) = e'A(0)e 1, C(t) = €P'C(0)e ™!, and p(t) =
e Hip(0)e!f" assuming a constant H, allows us to rewrite
the expression in the Schrodinger picture,

(C(A(1 + 1)) = trr[e™p(1)C(0)e™7A(0)].  (H2)
where the trace is now carried out over the state at
time ¢+ 7, with A(0) and C(0) as time-independent
Schrodinger-picture operators.

Assuming the total density matrix can be split into a spin
ensemble and a bath piece, i.e., p(1) = ps(1) ® pp(t), atall
times allows us to “swap the order” of pg(z) and C(0) to get

(C(DA(t+7)) =trr[e7[ps(1) C(0) @ pi(1)] e A(0)]
=trr[e ™ [ps.c(1) ®pp(1)]7A(0)].  (H3)

where we have defined in the last line a modified spin
density matrix pg.c(7) = ps()C(0). Writing out the total
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trace trp in terms of individual traces over the bath
(subscript B) and spin ensemble (no subscript, for con-
sistency with the notation of the main text), i.e.,
try = trp @ tr, we arrive at

(CA(1+7))

= tfpsc(t+7)A0)],  (H4)

where

psic(t + 1) = trgle ™ [ps.c(1) ® pp(1)]e™™]  (HS)
is simply the modified spin matrix pg.. forwarded in time in
time from ¢ to ¢ 4 7 under the total Hamiltonian H with the
bath degrees of freedom traced out.

Using 7 as the time variable, the formal equation of
motion for pg.c(7) is

= Li{psc(t+ 1)}, (H6)

d

aﬂs;c(f +7)
where L is some superoperator, which in our case
would be the Lindbladian. The formal solution reads
ps.c(t +1) = e {ps.c(1)}, such that the two-time corre-
lation function can also be written as
— e {p5(1)C(0) }A(0)).

(C(nA(t + 1)) (H7)

Note that while we have assumed a time-independent H in
the above derivation, the equation of motion (H6) applies
also to a time-dependent H. The QuUTIP library contains
functions that compute numerically two-time correlation
functions for a given L.

We are interested to derive equations of motion directly
for the two-time correlation functions (C(1)A,(t + 7)), A
is a set of operators indexed by v =1,2,3,.... Suppose
(A,) evolves under the Lindblad master equation as

540 =54, = ) = S Mta)

(H8)

where M, is square matrix of constant coefficients. It then
following straightforwardly from Eq. (H6) that

LA+ o) Z

% Ag(t +7)).

(H9)

In other words, the “same” set of equations of motion
describe both the single-time expectation values and the
two-time correlations.
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